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PREFACE 


This book is an extension of an earlier volume on this 
subject by the same authors. The aims and aspira- 
tions of the authors have already been set forth in the 
earlier book, and it is unnecessary to repeat them here. 
It is hoped, however, that the book will be found use- 
ful to those taking the special subject, “ Cartography,” 
in the Honours degrees of the University of London, 
as weU as for other higher examinations in Mathe- 
matical Geography. It is also designed to give 
teachers who teach this subject in schools that higher 
knowledge which will enable them to present the 
more elementary teaching with greater confidence and 
in a more interesting manner. 

A. H. J. 

M. T. M. 0. 
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CHAPTER I 

SIMPLE ASTRONOMY 

Object of Section. 

In the first part of this book, we have explained the general 
principles on which measurements are made on the ground 
lor the purpose of map drawing. We have said that for all 
extensive surveys a " triangulation ” is necessary for a good 
result. By this method a number of isolated stations are 
xed with great accuracy, and the detailed surveys are 
adjusted to fit properly between these on the paper. 

Now when it comes to plotting the triangulation survey, 
we have seen that it is necessary to choose some particular 
projection for the map. No map can be perfect in all respects, 

and It is not always easy to choose the best projection, even 
lor a particular purpose. 

W^en, however, the choice has been made, we are able to 
draw the lines of latitude and longitude on the map, according 
to the principles already outlined, and elaborated in this 
volume. Having drawn these, it will be clear that we can 
Y ^ ^ l^riangulation station on the map, in its proper place, 
know its latitude and longitude. But we cannot even start 
he map until we do know, at any rate, the latitudes and 
longitudes of some of the triangulation stations. 

Now these have to be determined by astronomical obser\'a- 
tions, and the object of this section is to explain the principles 

^ done, and the details of some very simple 

methods. The instrument chiefly referred to will be the 
heodolite. A diagram of a high-class theodolite by Messrs. 
Cooke of York is given on page 52, with a description which 
will enable the student to learn the names of the parts. 

X 


»-(*243A) 
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Cheaper instruments can be obtained, of course ; but in 
the opinion of the writer it is wiser to buy even a very old 
second-hand instrument of good original construction than 
a cheap new one. 


Definitions. 


It is important that the student should be quite clear as 
to the meanings of the different terms to start with. Assum- 
ing, for the moment, that the earth is a true sphere, and that 



the station with which 
we are concerned is a 
point A on the surface, 
the vertical is defined 
as the line AO joining 
our station to the 
earth’s centre. Thus 
the station A is, for us, 
the top of the earth, 
and /lO is vertical. 

The horizon is de- 
fined as a plane hAh 
passing through A at 
right angles to the 
vertical. 

Altitude. 


The altitude of any 

point S from A , in ordinary terrestrial surveying, means the 
angular height of the point S above the horizon. Thus the 
angle hAS is the altitude of S, assuming that the latter is in 
the plane of the paper. 

It can be measured, roughly, by clinometer ; or, more 
accurately, by sextant, theodolite, etc. 

Astronomically, all altitudes are supposed to be measured 
at the centre of the earth, instead of at ^ . That is, if 5 be a 
heavenly body, its altitude is defined as the angle HOS (Fig. i) 
instead of hAS, where HH is parallel to hh. 

If 5 is a star, its distance from the earth is so great that 
the earth s radius can be neglected by comparison, and the 
angle OS is the same as hAS. But if it is a nearer body, such 
as the sun or moon, a correction must be applied to the 
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measured altitude for a good result. This is called the 

tiefause it will 

Hiin Vr 'j TU from 0 

than from A. The amount varies with the altitude and with 

tablel*'^*^"^'^ observed, but can be found from 

Latitude. 

The line OA being vertical, it follows that the earth's polar 

InlZt t '-ertical but will be inclined to the horizL at 
an angle depending on the position of the station .-f . In Fig, i 

i and Q are supposed to be the poles, so that PQ is the polar 

The eqiiatorial plane passes through the centre 0, at right 

angles to PQ, and meets the surface in the line EE. This line 

ke the horizon HH, is really a circle passing round the earth’ 

but IS shown here as a straight line because it is supposed to 
be viewed edgeways, ‘ ' 

The angular distance of the station north or south of the 
equator is called the latitude of the station. Thus the angle 
EOA represents the latitude of A. ^ 

always measured at right angles to the equator 
and therefore in a plane passing through the pole. 

t? ^ to the equator, it 

the vLriT/ ^ 2 ), which is called 

the pamllel of latitude through A. U a be any point on this 

ariosi Tr"® “'t t® the same 

EGA. This IS evident because if we simply turn the 

th/;:, any change m the angles. Hence all points on 

the same parallel have the same latitude. 

must begin by getting clearly hold of the 
d fference btdwcen altitude and latitude. The matter is a 

ax i verbal r geography books often show the polar 

the ^ equator would coincide with 

would WnT"' ‘^‘tt"de and altitude 

would then be measured from the same plane. 

P° vertical unless one is at the pole • 

horizontal, and latitude and altLde 

the T K P“"‘® the same parallel have 

same latitude, but the altitude varies from point to point. 
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Meridian. 

The plane containing the polar axis and any given point is 
called the meridian of the point. Thus PAE is the meridian 
of A and Pae is the meridian of a (Fig. 2 ). 

The meridian of the supposed station A also contains the 
vertical line ^40, and therefore is itself a vertical plane. It is 
represented in the diagrams by the plane of the paper. 

The direction of the meridian is north and south at A. 






Hence the meridian plane at any 
of the north and south line there. 


station gives the direction 


Longitude. 

For meapnng longitude, one meridian is chosen as standard 
(the meridian of Greenwich), and the longitude of any other 
point means the angular distance between the meridian of 
the point and the standard meridian. This angle is measured 

^ 3) ’5® supposed to represent 

^"5*® GPK is the 
t °s ^ it ®ast or west of the standard, 

1 "i ‘^a^^hown, if P be the north pole, an 

^ f ^ of Greenwich. If the meridians PG, PK be 
P uce 0 meet the equator at g and k, and these points 
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on the angle gOk is the same as the angle GF^K 

Celestial Sphere. 

^no"'s. course, that the (iitferent 

r less with respect to one anotlier in conseoiience of 
The beginner, however, finds it difficult to reason on these 

and' Sthit t;fe“''"' ‘--‘h i" S 

considering) and thlt'dlc l.c"a'Tn7y\olrrar s^r’L^ 

the 

turns, but round the same polar axis. ' ^ 

hor most practical purposes this comes to the same thine 
and It IS easier to imagine. This outer spherris called the 
Thp J celestial sphere, and is concentric with the earth 

Ihi#!P3«= 

The' vS/oTre ‘he " zenith,” Z. 

inc \erti^cal UA remains fixed with the station A <;n thni y 
"ph^e." Tre'^s^r Vtr'e of tt ^ Idffin "ol 

Sn^fiKitt^^^^^^^^^^^ - f outlphli',^*: 

plane of the paper ’ --epresented by the 

Doaies alt observations are corrected to reduce them to the 
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earth s centre. Hence it is usual to omit the earth altogether 
from the diagram, and to show the stellar sphere only. The 
student must carefully remember, however, that the vertical 
and horizontal directions, and that of the meridian, or north- 
and-south line, are fixed by the station on the earth, even 
though it is not shown. We have seen that EOA is the 
latitude of It is clear that this is the same angle as EOZ 



on the celestial sphere. 
Hence when we draw 
the celestial sphere only, 
the angle EOZ repre- 
sents the latitude of the 
station. 

As the stellar sphere 
rotates, each star de- 
scribes a small circle, such 
as Ss, parallel to the 
equator, and crosses the 
meridian twice, at S and 
s. It is then said to tran- 
sit. The point 5 is called 
upper culmination, be- 


Fig. 4 


cause the star is there at 


... greatest height above 

the horizon, and at s it is said to be at lower culmination. 


Declination. 


The angular distance of a star, north or south of the equator. 
IS called the dechnatton of the star. It corresponds with 
latitude for a terrestrial point. Thus EOS (Fie. 4) is the 
declination of the star S. 


This declination remains nearly constant for the distant 

stars, and its value is given in the Nautical Almanac for each 

of the principal stars at intervals of 10 days throughout the 
year. 


In the case of the sun, moon, and planets, the respective 
motions cause a more rapid change in declination, because the 
bodies are so much nearer to us. Hence the declination is 
given at more frequent intervals ; for example, daily for the 
sun, hourly for the moon. 


In consequence of the movement of the earth's polar axis. 
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stars near the poles also show more rapid variations, and their 
positions are given dail^’. 

For practical purposes it is necessary that the surveyor 
should be able to identify a star when he sees it in the heavens. 
This can be done with the aid of star charts, and we shall 
suppose that the student is able to do this. 

DETERMINATION OF LATITUDE 

Latitude by Meridian Altitude. 

Let us suppose, then, that at a station in the northern 
hemisphere some known star has been chosen, and that 
its altitude is observed by 
the theodolite just at the 
moment when it is crossing 
the meridian, that is when 
it is due south from the 
station. If Si (Fig. 5) be the 
star, its altitude is HOSi, 
and this is called a meridian 
altitude, as the star is 
just crossing the meridian. 

Hence HOSy is known. 

Now the star's declination 
is indicated by the angle 
EOSi, and is obtainable from 
the Nautical Almanac. And 
we have seen (page 6) that 

the required latitude of the station is represented bv the 
angle EOZ, 

Hence the problem is. given the angles HOS^.{= altitude), 
and EOSj (= declination) required to find EOZ (= latitude). 

Now HOZ = 90° ; hence S^OZ = 90° - HOS^ = 90°- alti- 
tude. This angle SiOZ is sometimes called the zenith distance 
and denoted by z. 

Now EOZ — EOS^ + Sj^OZ, obviously. 

Hence we have 

latitude == declination of star + zenith distance, 

= d + z (I) 



or 
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where A = latitude of station (required) 

d = declination of star observed (from N.A.) 
z = 90° -altitude (observed with theodolite). 

Thus the formula for a latitude determination is very simple, 
and should be learned. 

Unfortunately, however, the star may not be in a position 
like Si- If one is chosen near the pole, it may transit between 
Z and P, as shown at Sg. In this case, the star is north of the 
observer, and the altitude is H1OS2. and the declination is 
EOSz- 

As before, z = ZOS^ = 90° - altitude. 

But now. latitude — EOZ = EOS^ - ZOS^- 

• • ^ ^ • • ■ • • • (2) 

To the mathematician this change presents no difficulty. 
The zenith distance z is measured in the opposite direction 
to what it was before, so it must be reckoned minus. 

Next we may have a star in such a position as S3. 

Here HOS^ is the altitude, and S^OZ = z — 90° - altitude. 
EOS^ is the declination, = d. 

And, clearly EOZ = S3OZ - SfiE, 

or X = z - d (3) 

It may appear, at first sight, difficult for the observer to 
distinguish between these cases, as the equator is not marked 
in the sky. But as a matter of fact, if we are in the northern 
hemisphere a star at 5 ^ will have north declination, and one 
at Sj will have south declination. And as the Nautical A Imanac 
tells us which way the declination is, there is no difficulty in 
distinguishing. 

Note that here the declination has changed sign as compared 
with Sj, so that <5 becomes minus. 

Finally we may have a star at S^, where it is below the pole, 
at lower culmination, and north of the observer. 

In this case, the altitude is and 2 = ZOS4 ; the 

declination is EfiS^. 

Now clearly EOZ = 180° - (ZOS^ + EfiS^, 
or A = 180° - 6 - z (4) 

Here <3 is measured from E^ instead of E, so that, by com- 
parison with case No, 2, d becomes 180° - 6 . 

These four formulae cover all possible cases. 
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TABLE OF APPROXIMATE RIGHT ASCENSIONS AND 

DECLINATIONS OF STARS 
(From the Nautical Ahnauac for 19^0) 


Star 

Right 

.Ascen- 

sion 

Decliua* 

(ion 

Stni 

Right 

Ascen- 

sion 

Dcclina* 

tion 


h. m. 

. . 1 


h. 

in. 

0 


a Androm. . 

O 5 

28 41 N. 

Regulus 

lo 

4 

12 

20 N. 

Cassiopciac . 

O 5 

58 45 N. 

7 } Argus 

10 

42 

59 

18 S. 

a Phoenicis 

o 23 

42 42 S. 

^ Ursae Maj. . 

10 

57 

5b 

47 N. 

a Cassiopciac . 

0 3(5 

56 8 N. 

Dubhc . 

10 

5 ‘> 

02 

9 N. 

Ceti . 

0 40 

18 24 S. 

Dencbola . 

1 1 

45 

14 

59 N. 

y Cass. . 

0 52 

60 19 N, 

y Ursae Maj. . 

1 1 

50 

54 

6 N. 

B Androm. . 

I 6 

35 14 N. 

a Crucis 

12 

22 

62 

41 S. 

a Polaris . 

I 35 

88 54 N. 

y 

1 2 

27 

56 42 b. 

Achernar 

I 35 

57 37 S. 

y Centauri . 

I 2 

37 

48 33 S. 

y Androm. . 

I 59 

41 59 N. 

^ Crucis 

I 2 

43 

59 

17 b. 

a Arietis 

2 3 

23 7 N- 

e Ursae Maj. 

12 

51 

5 ^ 

22 N. 

Algol 

3 3 

40 40 N. 

Spica 

13 

21 

10 

47 

a Persei 

3 19 

49 3b N. 

Ursae Maj. . 

13 

45 

49 

41 N. 

Aldebaran . 

4 32 

16 22 N. 

^ Centauri . 

13 

59 

60 

I S. 

Rigel . . . 

5 11 

S 17 S- 

0 .. 

14 

2 

36 

0 S. 

Capclla , 

5 ” 

45 55 N. 

.Arcturus 

M 

12 

1 19 

34 

Bellatrix 

5 21 

; 6 17 N. 

a Centauri . 

14 

35 

i 60 

32 s. 

3 Tauri 

5 22 

28 33 N. 

fi Ursae Min. . 

*4 

51 

74 

27 N. 

r 

£ Orionis . 

5 32 

I 15 s. 

a Coronac Bor. 

15 

32 

26 

58 N. 

3 .. 

5 37 

I 59 S. 

d Scorpii 

15 

56 

22 

25 S. 

H 

5 44 

9 42 S. 

Antares 

16 

25 

26 

lO s. 

Betelgucse . 

5 51 

7 24 N. 

jS Herculis . 

16 

27 

21 

39 N. 

P Aurigae . 

5 54 

44 57 N. 

a Triang. Aust. 

16 

41 

68 

54 S. 

P Canis Maj. 

6 19 

17 55 S. 

a Herculis . 

17 

1 1 

14 

28 N. 

Canopus 

6 22 

52 39 S. 

X Scorpii 

17 

29 

37 

3 S. 

y Geminorum 

b 33 

16 28 N. 

a Ophiuchi . 

17 

31 

12 

37 N. 

Sirius . 

6 42 

16 37 S. 

0 Scorpii 

17 

32 

42 

57 S. 

£ Canis Maj. 

6 56 

28 52 s. 

K ,. . . 

17 

37 

39 

0 s. 

<5 

7 5 

26 16 s. 

y Draconis . 

17 

55 

51 

30 N. 

n 

7 21 

29 9 s. 

€ Sagitarii . 

18 

19 

34 

25 s. 

Castor . 

7 30 

32 3 N. 

Vega . . . 

18 

34 

38 43 ^- 

Procyon 

7 35 

5 25 N. 

Altaic 

19 

47 

8 

40 N. 

Pollux . 

7 41 

28 12 N. 

y Cygni . . 

20 

20 

40 

I N. 

3 Argus 

8 I 

39 48 S. 

a Pavonis . 

20 

20 

56 58 

y ... . 

8 7 

47 7 S. 

Deneb . 

20 

39 

45 

I JN. 

£ ,, . . 

8 21 

59 16 s. 

e Pegasi 

21 

41 

9 

32 N. 

6 ... . 

8 43 

54 26 S. 

a Grius . 

22 

4 

47 

19 S. 

X ... . 

9 5 

43 8 S. 



22 

38 

47 

16 S. 

P ... . 

9 12 

69 25 s. 

a Piscis Aust. . 

22 

54 

30 

I s, 

i „ , . 

9 15 

58 58 s. 

^ Pegasi 

23 

0 

27 

41 N. 

a Hydrae . 

• 9 24 

8 20 S. 

d ft • . . 

23 

I 

14 

48 N. 


I 
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A table showing the approximate declinations of a few 
bright stars for 1926 is given on page 9. With the aid of this 
table, it is proposed now to work a few examples, after which 
we shall say something about the actual observation. 

The student who has leisure will find it interesting to plot 
these stars on a sinusoidal or Mollweide projection. Every 
fifteen degrees on the equator must be counted as one hour, 

and the numbering for right 
ascension must run from right 
to left. (See page 28.) 

Examples. 

(i) At a station in the north- 
ern hemisphere, the meridian 
altitude of Aldebaran is ob- 
served as 37° 42'. Find the 
latitude of the station. 

In solving such exercises, 
always begin by drawing the 
vertical OZ (Fig. 6) and the 
horizon These are always 
the same. Next place the star 
on the figure, according to its 
observed altitude. 

This may be put either on the left or right-hand side, as it 
is merely a question of which way we suppose we are looking 
at the figure. In this case, let us put it on the right so that 
HOS = 37° 42'. Next the equator must be placed. 

Now the angular distance from the equator to the star is 
known, being the declination. From the tabic on page 9 we see 
that the declination of Aldebaran is 16° 22' N. approximately. 

Hence the angle SOE between the star and the equator is 
16° 22'. And the equator must be beloxv the star, as shown 
at EO, because the station is in the northern hemisphere, and 
the declination is also north. If we were to place the equator 
at OEi, above the star, then Z (which represents the station) 
and the star would be on opposite sides of the equator, and 
hence could not both be north. 

Therefore OE is the equator, and we have HOS = 37° 42' ; 
EOS ~ 16° 22'. From these we require to find EOZ, which 
represents the latitude. 
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Clearly SOZ ~ go*’ - 37° 42' = 52® 18' 

EOS = 16° 22' 

EOZ = SOZ 4- EOS = 68° 40' N. 

In this case there is no ambiguity. But in some cases 
ambiguity may arise unless we know whether the star transits 
north or south of zenith, 
or whether it is at upper or 
lower culmination. Hence 
it is well to state these facts 
at the time. 

(2) At a certain station 
the meridian altitude of ^ 

Ursae Minoris is observed 
as 56° 24'. Find all possible 
values of the latitude. 

Here HOS (Fig. 7) = 

56° 24'. As nothing is said 
about where the station is, 
or which way wc are look- 
ing, we may place the 
equator either at E or at 
E^ so that EOS — EfiS 
= 74° 27', the latter being the star's (north) declination from 
the table. 

In the first case, produce EO as shown at Then 

E^OZ is the latitude, as this is always measured the nearest 
way from the equator, and therefore never exceeds 90° 

Now E^OS = 180° - EOS = 105° 33' 

ZOS = go° - 56° 24' - 33 ° 36' 

E^OZ = 71 ° 57' 

The latitude is north, as Z is on the same side of the 
equator as the star. The pole would be at P, so that 

EOP = 90°. 

Hence this is a case of lower culmination, the star being 
below the pole. 
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In the second case. OE^ is the equator, and EfiZ the 
latitude. Evidently latitude 

= E^OS ~ ZOS 

= 74'" 27' - 33° 36' = 40^' north. 

The pole would be at so that E^OP^ ~ go°. 

(3) In example No. i, find the latitude if the station is in 
the southern hemisphere. 

Here E^OS (Fig. 6) must be the equator, as the star is known 
to be north, and the station Z is south. 

Latitude = E^OZ = 52® 18' - 16° 22' = 35° 56' south. 

There is usually no difficulty in stating whether we are 
looking north or south. Most people know the pole star, and 
we can tell whether we are facing it or have it behind us. 
Failing this, a compass will give the information. Similarly, 
it is easy to say whether the star is below the pole (lower 
culmination) or above it. 

Taking the Observation. 

The conditions to be satisfied by the observations may 
be placed under two headings. In the first place, the star 
must be observed at the moment when it is crossing the 
meridian. 

We shall show later that the time at which it crosses is 
known, so that, if we know local time accurately, we can 
observe it at that time. 

We have also stated that a star is either due north or due 
south of the observer when it transits ; hence if we know the 
direction of a line due north or south of the station, we can 
observe the star when it is in that direction. 

As we can always lay out this line approximately by any 
of the methods described in the first volume of this book, and 
as the local time is always fairly well known, it is easy to make 
the observation nearly in the right place. A slight error is of 
little importance in school work, as the star is moving hori- 
zontally when it crosses, and the altitude does not vary 
rapidly then. 

It may be well, however, to observe the star a few minutes 
before the proper time, and bring it on to the horizontal hair of 
the theodolite. It should then be rising slowly, but as the 
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theodolite (with the usual eyepiece) reverses things, it should 
appear to be falling. We work the tangent screw of the 
theodolite to bring it back on the wire, and keep on doing 
this as long as it appears to fall. When crossing the meridian 
it is at its highest point and moves along the horizontal wire ; 
as soon as it begins to rise above the wire, we know that it has 
turned and is falling, and we follow it no longer. The altitude 
is then read on the vertical circle. 

The light from the star is not sufficient to show up the cross 
hairs. Some theodolites are fitted with special retlectors for 
this purpose, but it is always possible to see them by the aid 
of a carefully held lamp shining into the object glass at a slight 
angle. 

In the second place, the altitude is required free from all 
errors. Now the chief sources of error are instrumental errors, 
atmospheric refraction, and personal errors. 

Instrumental errors arise from the fact that the instrument 
is not properly levelled and from errors of adjustment, 
whereby the vertical circle does not read zero when the line 
of sight is horizontal. This error is called an mdex error ; its 
value and sign may be found by reading the angle of elevation 
to any convenient fixed point, both face-left and face-right 
(see Vol. I, p. 79), taking care that the instrument is accu- 
rately levelled for both readings. The exact method of 
levelling varies with the make of theodolite, and must be 
studied on the instrument itself. If there is a spirit level 
attached to the vernier arm of the vertical circle, the levelling 
must be done by that level, and it must be made central for 
each reading. 

Half the difference between the angles of elevation as read 
above will give the index error. 

For example, if we read a fixed point as follows — 

Face-left, angle of elevation — 9° 27' 

Face-right, „ „ = 9*^ 43' 


Difference = 16' 

Index error = 8' 

This is to be added to all angles of elevation observed with 
the instrument face-left, as the face-left reading was too small. 
Several readings should be taken. 
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Atmospheric refraction is due to the fact that rays of light 
from the star to the observer do not travel in straight lines, 
through the air, but in curved ones, as the air varies in density 
from point to point. 

This always makes the star appear higher than it really is. 
The actual amount varies with the star’s altitude and with 
the exact state of the atmosphere. 

Hence it is always a little uncertain. A table showing 
approximate values at different altitudes is given on page 41, 
and fuller tables will be found in books of mathematical tables. 

This correction is always to be subtracted from the observed 
altitude. 

Personal errors arise through bad setting of the hair on the 
star, and so on, and diminish with practice. 

For a good result, of course, the correct declination must 
be obtained for the date, and the approximate figures in this 
book must not be employed. 

The best and most accurate method of finding latitudes in 
practice are merely elaborations of this method. Stars are 
chosen as near the zenith as possible, so as to diminish refrac- 
tion, and they are observed in pairs (on opposite sides of the 
zenith, but about equally distant from it, and taking care that 
both are observed with the same face of the theodolite. The 
effect of this is that the zenith distance is positive for one 
star and negative for the other. Thus, on the mean of the 
two, any error due either to faulty adjustment of the theodo- 
lite or refraction is likely to cancel out, while the effect of 
personal and accidental errors is reduced by taking a number 
of stars. 

We have seen that for a star at Sj (Fig. 5, page 7) — 

A = ^1 + 

and for a star at Sg, k = 6 ^- ^2* 

Hence on the mean, A = J (( 3 i + J (z^ - ^2)* 

In Talcott's method for latitudes, a special instrument, called 
a “ zenith sector,” is used, and we do not measure the actual 
altitudes at all, but only the difference, by means of a 

micrometer. 

But the principle of the method is simply that of a pair of 
meridian altitudes. 
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Sun Observations. 

Where the sun is the body observed, the altitude must be 
read at noon. This does not necessarily mean at 12 o’clock. 
The time must be corrected for longitude and for equation of 
time, as described in ^ ol. I, pages 27 and 28. If the time is 
at all doubtful, it can be observed a little before noon, and 
followed in the same way as described for a star. 

There are several other points of difference, however. In 
the first place, the sun's centre is not marked in any way, so 
that we must take the observation on the edge of the disc, 
either the lower edge or the upper. If we appear (with the 
ordinary theodolite eyepiece) to be observ- 
ing the lower edge, as in Tig. 8, then we 
are really observing the top, as the theo- 
dolite reverses things. 

A correction must be applied accord- 
ingly for the angular value of the sun’s 
radius or“ semi-diameter," which is given 
daily in the Nautical Almanac, and varies 
from 16' xjY on 3rd Jan. to 15' 45J" on 
5th July. 

In the case shown this would have to be subtracted from the 
observed altitude to find the altitude of the centre. A dark 
glass must be used for sun observations, attached to the 
eyepiece. With this, the cross hairs cannot be seen unless 
they actually cross the sun's disc. Hence, if the sun is being 
foUowed to find the highest altitude, he should always be 
observed above the hair, as shown in Fig. 8. We are then 
really observing the top. As long as the sun is rising, he \vill 
appear to fall, and the horizontal hair will be seen crossing the 
disc, and must be brought back tangent to it. When he 
begins to fall, he will move away from the hair, and the latter 
will no longer be visible. We do not follow him in that case. 

The horizontal circle should be turned to keep the vertical 
hair roughly through the sun's centre. 

Moreover, the object glass should be partly covered when 
taldng sun observations, as otherwise we may burn the spider’s 
webs in the theodolite. The theodolite may be fitted w'ith a 
cap for this purpose, but if not it can be covered with a piece 
of paper with a hole in it. The index error should be found 
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with the object glass covered in the same way, as the lens 
may not be perfect. 

Then a correction must be made for parallax (p. 3), as the 
sun is comparatively near the earth. The formula for this 
correction is about 9 x cos altitude, in seconds, but as its 
amount is always less than 9 seconds, it can be neglected in 
rough work. 

The exact value is given for different altitudes in Chambers 
(and other) Mathematical Tables. 

Refraction and parallax corrections should be applied 
before the semi-diameter correction, but index-error correction 
(if any) should be applied first of all. 

Lastly, when obser\dng the sun the declination varies more 
rapidly than for a star. Hence for a good result we must 
know the approximate Greenwich time of the observation, as 
well as the date, in order that the proper declination may 
be found. The Nautical Almanac gives the declination at 
Greenwich noon, and the rate of increase or decrease per hour. 

Worked Example. 

As an illustration, suppose that on nth July, 1928, the 
altitude of the sun's upper edge when crossing the meridian 
was observed as 59° 12' 30". face-left, the index error being 
8 minutes to be added. Find the latitude, given that the 
G.M.T. (p. 18) was 12 hr. 20 min. p.m. The corrections are as 
follows — 

Observed altitude = 59° 12' 30" 

Index error -f S' 

59° 20' 30" 

Refraction (Chambers’ Tables) 34" (always minus) 

59" 19' 56" 

Parallax (ditto) 4" (always plus) 

59 ^ 

Semi-diameter {J^aut. Aim.) 15' 45" 

Corrected altitude = 59° 4' 15" 

2 = 90° - altitude = 30° 55' 45" 

We have now to find the declination. 
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The Nautical Almanac tells us that at Gr. mean noon on that 
day the declination was 22*^ 6' 56" N., decreasing 20" per hour. 

Hence at 12 hr. 20 min. it would be 7" less ; 

hence d — 22° 6' 49" ; 

and latitude = z d = 53'' 2' 34" X. 

Time and Longitude. 

The period between two successive appearances of the sun, 
or of any given star, on the meridian of a station is called a 
day, and is divided into 24 hours. Now the body in question 
appears, in that period, to have passed right round the earth, 
or to have described 360 degrees of revolution, relatively to 
the station. This is equivalent to a rate of 15 degrees of 
longitude per hour of time. 

Hence to find the longitude of any station, all we have to 
do is to find out, at any given instant, what the time is at 
Greenwich, and at the same instant the local time at the 
station. The difference in time is reduced to longitude as 
above ; and as the bodies appear to move from east to west, 
the time is always ahead at the more easterly station. Hence 
we have the old sailor’s rhyme : 

Longitude east, Greenwich least. 

Longitude west, Greenwich best. 

The student must therefore make a clear mental distinction 
between Greenwich time and local time. 

For example, if we can tell Greenwich time by a chrono- 
meter at the moment when it is noon at a station, we can find 
the longitude of the station. 

Unfortunately, however, there are several different kinds 
of “ noon,” and of ” time,” and the matter is somewhat 
complicated in consequence. 

Mean and Apparent Time. 

For instance, at the moment when the sun’s centre is just 
crossing the meridian of any station, it is said to be apparent 
noon at that station. In other words, the local apparent time 
is 12 noon. Even if the station were Greenwich, a properly 
regulated clock there would not, in general, indicate 12 o'clock 
then. At 12 o’clock exactly, it would be said to be mean noon. 

2— (1243A) 
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The fact is that the period between two successive transits 
of the sun, across the same meridian, is not always the same. 
The sun moves faster sometimes than at other times, so that 
a solar day varies in length. 

Now it would be a hopeless business to try to change the 
rate of a clock from day to day, so that it might always keep 
pace with the sun. Hence the mean length of a solar day, 
throughout the year, is calculated, and solar clocks are 
regulated to register 24 hours in this period. If such a clock 
is set to agree with the true sun at a certain station (say Green- 
wich) and at a certain moment, which is agreed upon before- 
hand for all places, then the time by such a clock is called 
mean time at the station. 

The time by the true sun is called apparent time. 

At certain times of the year the clock will be gaining on the 
sun, and at other times losing. 

The time indicated by a sundial is apparent time, and may 
be either ahead of the clock or behind it. 

The difference between mean time and apparent time is 
called the equation of time. Its value is given in the Nautical 
Almanac, for every day in the year, at the moment of Green- 
wich noon, accompanied by a statement as to whether it is 
to be added to, or subtracted from mean time. 

Its rate of increase or decrease per hour is also given, so that 
it can be found at any moment, if the Greenwich time is 
known. 

It is zero four times a year, in April, June, August, and 
December. The maximum values are 14J minutes in February 
(clock ahead of sun) and about 16^ minutes in November (sun 
ahead of clock). 

It will be evident that in finding longitude it will not do to 
use, say, the Greenwich mean time, along with the apparent 
time at the station. Both must be reduced to mean time 
before taking the difference. 

The abbreviations G.M.T. and G.A.T. are used for Green- 
wich mean time and Greenwich apparent time. Similarly 
L.M.T, and L.A.T. stand for local time. The letters G.M.N., 
G.A.N., L.M.N., and L.A.N., stand similarly for Greenwich 
or local mean or apparent noon. Thus, L.A.N. means local 
apparent noon, which is the instant at which the sun's centre 
crosses the meridian of the station at upper culmination. 
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Example. 

The sun was due south at a certain station in England on 
i6th March, 1926, and a Greenwich mean time chronometer 
at that moment read 12 hr. 17 min. 26 sec. p.m. Find the longi- 
tude, given that the equation of time at G.M.N. was 8 min. 
55*9 sec. to be added to apparent time, and decreasing 0-7 sec. 
per hour. 

The first step is to find the equation of time at the moment 
of the observation, about ij\ minutes after G.M.N. 


Eqn. of time at G.M.N. 
Decrease in 17J min. = 


60 



min. sec. 
= 8 55-9 

07= 0-2 


Equation of time = 8 557 To be added 

1 = to app. time. 

Now as the sun is on the meridian, it is local apparent noon. 

hr. min. sec. 

In other words, L.A.T. =12 o o 

To find L.M.T., eqn. of time = 8 557 


.*. L.M.T. =12 8 55 7 

Now G.M.T. = 12 17 26 by chrono- 

meter. 

Diff. = longitude in time = 8 30*3 

The longitude is west, as the Greenwich time is “ best." 

To reduce it to angle we must multiply by 15. 

8 min. of time=i5 x 8 min. of angle = 2° o' o" 

30-3 sec. ,, =15x30*3 sec. „ = 7 34*5 


Longitude =2 7 34*5 W« 


{2) At what Greenwich mean time should the sun be on the 
meridian in longitude 4° 24' west, on i6th Oct., given that 
the equation of time at G.A.N. is 14 min. 15-1 sec. to be 
subtracted from apparent time and increasing 0*5 sec. per 
hour? 

Here the Greenwich mean time of the observation is to be 
found, so we cannot begin by finding the equation of time, as 
in the last exercise. 
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We know, however, that the longitude is 4° 24' W., and, 
reducing to time, by dividing by 15, 

4° = hr. = 16 min. 

24' = min. = I min. 36 sec. 

Total = 17 min. 36 sec. 


Hence apparent noon at the place will be 17 min. 36 sec. 
after apparent noon at Greenwich. 

Hence we take out the equation of time at Greenwich 
apparent noon, and correct that for this interval. 


min. sec. 


Equation of time at G.A.N. 

i7'6 


Variation in 17-6 min. = 


60 


X -5 = 


14 

+ 0*1 


Eqn. of time 



15-2 


to be subtracted 
from apparent 
time. 


hr. min. sec. 

Now L.A.T. =12 0 0 


Eqn. of time = - 14 15*2 


L.M.T. 

= II 

45 

44-8 

Longitude corr. 

- + 

17 

36 

G.M.T. 

= 12 

3 

20-8 


Here the equation of time is subtracted because the Nau- 
tical Almanac states that it is to be subtracted from apparent 
time : the longitude correction is added because we are 
finding Greenwich time, and as longitude is west, Greenwich is 

“ best." . „ 

The method of working here given is not mathematically 

exact, because the interval of 17 min. 36 sec. (as abo\^) 
between G.A.N. and L.A.N. is in apparent hours. Now the 
variation per hour in the equation of time is per mean hour, 
and this is not quite the same as an apparent hour. 

The greatest difference in length between a mean hour 
and an apparent one is, however, only ij sec., and it is always 
under i sec., except from early December to early January. 
It is, in fact, represented by the variation per hour in the 
equation of time. If we take i sec. the variation in the 
equation of time in an apparent hour will differ from that in 
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one mean hour by part. Hence the error is quite 

negligible except for the most refined work. 


Reasons for Difference. 



Fig. 9 


temporarily abandon the idea of a moving celestial sphere and 
a fixed earth, and revert to the actual facts. 

It is well known that the earth moves round the sun in an 
orbit which is not circular but elliptical in shape. The sun is 
not at the centre of this orbit, but at one focus of the ellipse. 

In Fig. 9, let S be the sun, E the earth, and suppose the 
arrow D shows the direction of movement. 
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The earth is acted upon by two opposing forces, F, Fy 
namely, the gravitational attraction of the sun, drawing it 
inwards, and the centrifugal force due to its motion in a 
curved path and tending to move it outwards. The latter 
depends upon the radius of curvature of the earth's path 
and upon the velocity of movement. These two, as the figure 
shows, do not exactly balance one another, and give a small 
resultant F^, which at the point marked in the earth's orbit, 
is in the direction of motion. This causes the earth to move 
faster in its orbit as it approaches the point B, where it is 
nearest to the sun. 

After passing B, the effect is reversed, and the rate of 
motion gets slower until the earth reaches the point C, where 
it is farthest away. Thus the angle which the earth describes 
round the sun per day is variable, and has its maximum value 
when the earth is at B. The fact that the distance BS is also 
least then increases the effect of the more rapid movement. 

Now suppose that P is the North Pole of the earth, and 
A a station, so that PA is the meridian of the station. And 
suppose we start at a moment when this meridian passes 
through the sun’s centre. It is then apparent Jioon at A. 

Now besides moving round the sun, as sho\^^l by the full 
arrow, the earth is rotating much more rapidly, round its own 
axis, in the same direction, as shown by the dotted arrow. 

When it makes one complete rotation, the meridian PA 
(which rotates with it, of course) will have described 360° 
from its original position, and will have come back parallel 
thereto, as shown at P-^A^. But in the meanwhile the earth 
has moved round the sun from E to fj, so that, as the diagram 
shows, the meridian will not be again through the sun s 
centre. In order that the meridian may return to the sun, 
the earth must move on to the dotted position, while, in 
the same time, it rotates round its own axis, through the 
additional angle. XP^S, required to bring the meridian back 
to the sun. The interval between these successive transits of 
the sun is one apparent solar day. It is clear that it is always 
longer than the time required for the earth to make one 
complete rotation. 

Now the extra angle to be picked up is, as we have said, 
XP^Sy where XP^ is parallel to SP. Hence XP^ = PSP^, 
which is the cingle moved by the earth round the sun in one day. 
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Now, as we have seen above, this angle is variable. 

Hence the extra angle to be described is also variable. 
And as the time taken bv the earth to make one rotation on 
its own axis is, so far as we know, constant, it is clear that the 
length of the apparent solar day will be variable, and will 
have its greatest value about the end of December, when the 
earth is at B. as the angle described round the sun daily is 
then at its maximum value. The least length of the solar day 
will occur about the end of June, when the earth is at C. 

The plane of the paper in Fig. 9 is the plane of the ecliptic, 
that is, the plane in which the earth moves round the sun. 

We have shown the earth as if its polar axis were perpen- 
dicular to the ecliptic, so that the meridian could be repre- 
sented as a line in the figure. 

As a matter of fact, it is well known that this is not so, the 
polar axis being inclined to the ecliptic at about 66J° instead 
of 90°. 

It can be shown that this fact would also lead to variations 
in the length of the solar day, even if the orbit were a true 
circle with the sun in the centre. 

The reasoning in this case, however, is less simple, and we 
have said enough to show that the length does vary. 

The actual length at any time of the year will be subject 
to the variations from both the above causes, and the combined 
result of the two decides the length of the day. 

The jnean solar day is the average length of the apparent 
day throughout the year. 

The student will see, then, that to tell the exact position of 
the sun with respect to the meridian of a station, we must 
know the local apparent time. 

Local mean time differs from this by the equation of time. 
Civil time is usually neither local mean time nor apparent time. 
It is the local mean time at some selected station, and is 
adopted as standard time over a considerable area, say Great 
Britain. 

But none of these will enable us, at once, to say how any 
f-tar (other than the sun) is situated, at that moment, with 
respect to the meridian. 

Solar and Sidereal Time. 

It becomes necessary, therefore, to study another kind of 
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time which will give us this information, and which is called 
sidereal time. 

The stars being scattered through space all round the sun, 
we may suppose that at any moment there is a distant star 
which is on the meridian of a station at the same moment as 
the sun, though of course invisible. 

Now going back to Fig. 9, suppose there is such a star just 
on the meridian PA at the same time as the sun, but very 
much farther away. 

When the earth makes one complete rotation so that the 
meridian is parallel to its old position, the star, being 
practically infinitely distant, will be again on the meridian, 

Thus the interval between two successive transits of the 
same distant star fs equal to the time taken by the earth to 
make one complete rotation. 

It is called a sidereal day, andis clearly shorter than a solar day . 

The amount by which it is shorter is the time taken by the 
earth to describe the extra angle XP^S, which, as we have 
seen, is equal to PSP^, the angle described round the sun in 


one solar day. 

This angle varies from day to day, but in 07 ie year, of 
365-2422 solar days, the earth moves 360° round the sun. 

Hence, on the average, it describes an angle of , degrees 

305*2422 

per day. And the length of a mean solar day is greater than a 
sidereal day by the time taken to rotate through this angle. 
Now the earth rotates through 360° in one sidereal day 


Hence to rotate through degrees, it will require 

j 365-2422 

of a sidereal day. 

365-2422 

Hence one mean solar day is greater than a sidereal day by 


of the latter. 


365*2422 

That is, I solar day = i + 


365-2422 

= 36b 2422 days. 

365-2422 

Hence 365*2422 solar days = 366-2422 sidereal. That is, 
there are 366*2422 sidereal days in the year ; or the stars 



SIMPLE ASTRONOMV 


^5 

gain one day in the year on the sun. or. roughly, tu o hours per 
month, or nearly 4 min. per day. 

As each kind of day is divided into 24 hours, and subdivided 
to minutes and seconds, it follows that i mean solar hour 

366-2422 . . , . , 

= —p sidereal hours, and so on. 

365-2422 

hr. min. sec. 

Thus. I mean solar hour = i o 9-86, sidereal 
I ., minute = i o-i6 

I ,, ., second 1-0027 

Conversely, i sidereal hour = 59 50-17 mean solar 

I minute = 5984 

I second *9973 

Tables for the rapid conversion from one set of units to the 
other are given in the Nautical Almanac, under the head of 
“ Time Equivalents, Tables of." 

Thus a star which is on the meridian at midnight to-night 
will have passed the meridian before midnight to-morrow 
night, and will cross at about 10 p.m. in a month's time. 

A clock which keeps pace with the distant stars, and records 
the same hour each night when the same star is crossing the 
meridian, is called a sidereal clock. 

It is set to agree with the apparent solar time at the moment 
of the vernal equinox, when the sun's centre is just crossing 
the equator near the end of March. 

Thus at the March equinox apparent solar time and sidereal 
time agree. But from that time for\vard sidereal gains on 
solar about 2 hr. per month, or more exactly, as above de- 
scribed, g-86 sec. per hour. Approximately this may be taken 
as 10 sec. per hour. 

The Nautical Almanac gives (for the meridian of Greenwich) 
the sidereal time daily when it is mean noon. Greenwich and 
local sidereal time are abbreviated to G.S.T. and L.S.T. 
respectively. 

Examples. 

We shall now give a few exercises to illustrate the use of 
these tables. 

(i) Find the Greenwich sidereal time on i6th June, 1926, 
when the Greenwich ?nean time was 9 hr. 47 min. a.m. 
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The first step is to find how far away— in time— the given 
moment is from mean noon, because it is at G.M.N. that the 
Almanac tells us the sidereal time. 

Now 9 hr. 47 min. a.m. is 2 hr. 13 min. before mean noon. 
But this is a mean time interval, or measured in mean solar 
hours, etc., and we must convert them to sidereal hours, etc., 
before we can add to (or subtract from) the sidereal time at 


noon. 

By tables in the Nautical Almanac or the figures on page 
25, we have 

hr, min. sec. 

2 hr. =2 0 197 
13 min. = 13 2-1 


2 13 21*8 


Hence, expressed in sidereal hours, etc., the given moment 
is 2 hr. 13 min. 21*8 sec. before G.M.N. 

hr. min. sec. 

But at G.M.N., from Almanac, G.S.T. =5 35 59*3 

Less 2 13 21*8 

G.S.T. required =3 22 37*5 


(2) Find the G.M.T. when the G.S.T. was 23 hr. 57 Hiin. 
12 sec. on 1st Dec., 1926. 

As before, the first step is to find the interval between the 
time of observation and mean noon. 

hr min. sec. 

G.S.T. of obser\^ation = 23 57 i^-o 

From G.S.T. at G.M.N. = 16 38 20*5 

Observation is after noon by 7 18 5 i '5 

This is expressed in sidereal hours. We must reduce them 
to mean time. 

hr. min. sec. 

7 hr. =6 58 51-2 

18 min. = 17 57*1 

51*5 sec. = 5i'4 


G.M.T. = 7 17 39*7 P 
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Sidereal Noon, 

We have said that the sidereal clock is set to agree with the 
apparent solar time at the vernal equinox. This is purely a 
conventional arrangement, but. in consequence of it, the 
position of the sun’s centre in the heavens at the moment of 
the spring equinox, is given a special name. It is called the 
“ First Point of Aries ” (because many centuries ago, when the 
name was given, the sun was on the edge of the constellation 
Aries at the equinox). 

It is sidereal noon, then, when the first point of Aries is on 
the meridian. It is apparent noon when the sun’s centre is 
there. At the moment of the equinox, the sun’s centre and 
the first point of Aries are one and the same point, so that 
solar and apparent time agree. 

But the student should remember that whereas a solar clock 
usually registers 12 o’clock at or about solar noon, a sidereal 
clock always registers zero w'hen it is sidereal noon, and goes 
round to 24 hours at the next sidereal noon. 

At the time of the equinox, mean time is about 7 or 8 
minutes ahead of apparent time, so that the mean time is 
about 12 hr. 7 min. p.m. when it is sidereal noon, or the side- 
real time is about 23 hr. 53 min. when it is mean noon. 

Thereafter the sidereal time at mean noon increases by 
about 4 minutes daily. 

Thus, without the Almanac, we can always find the sidereal 
time, roughly, at any given solar time and date. 

Example. 

(1) Find the sidereal time at 7 p.m. on 23rd Feb. 

Feb. 23rd is about one month before the spring equinox. 
Hence sidereal time is about 2 hours behind solar, at the rate 
of 2 hours per month (p. 25). 

The solar time is 7 hours after noon. 

Hence sidereal time = 5 hours roughly. 

We must not say either a.m. or p.m. in connection with 
sidereal time. 

(2) Find at about what hour, solar time, the sidereal time 
will be 17 hr. 20 min. on 9th Oct. 

Oct. 9th is about months ahead of the March equinox. 
Hence sidereal time is about 13 hours ahead of solar. 
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Therefore the solar time will be about 4 hr. 20 min. p.m. 

Of course this is only a rough rule. 

Right Ascension. 

Let us return now to the idea of the celestial sphere, on 
which the stars are supposed to be placed, and which is 
supposed to rotate round the fixed earth. 

The first point of Aries is fixed on this sphere by the position 
of the sun’s centre at the equinox. The sun is then on the 
equator. Hence, so is the first point of Aries. 

Thereafter, the sun would appear to move backward (i.e. 
west to east) on the stellar sphere (in consequence of the gain 
in sidereal time as compared with solar), making the complete 
circuit in the year. But the first point of Aries remains 
as a fixed point on the celestial sphere, and sidereal time is 
measured by it. 

Now, as we have seen, each star has its angular distance 
from the equator tabulated under the head of declination. 

But to fix its position on the stellar sphere completely, we 
must have another co-ordinate, corresponding to terrestrial 
longitude, just as declination corresponds to latitude. 

For this purpose, the meridian of the first point of Aries 
is chosen as standard, just like Greenwich on the earth for 
longitudes. 

The angular distance of any star’s meridian from this 
standard meridian is called the right ascension of the star, and 
is tabulated along with the declination. 

But whereas longitudes on the earth are measured east or 
west of Greenwich, right ascensions are measured eastwards 
only, and go right round from zero to 360°, instead of 180*^ 
each way. 

Moreover, instead of being expressed in degrees, like long- 
itude, they are, for convenience, expressed in time, at the rate 
of I hour to 15°, or 24 hours to 360°. 

Thus right ascensions vary from zero to 24 hours, and are 
eastwards from the first point of Aries (i.e. opposite to the 
direction of rotation). 

Now several important results follow from this, which the 
student must learn. 

First, in Fig. 10, suppose we are looking down on the celestial 
sphere from above the North Pole, P. 
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Let Z be the zenith of a station, so that PZ is the meridian 
of the station, and let S be a star, just crossing the meridian. 
Let F be the position, at the same moment, of the first point 
of Aries. 

Then, when F was on the meridian, it was sidereal noon, 
and the sidereal time increases thereafter at the rate of i hr. 
per 15° of rotation 
of the sphere. 

If the 2.TTO\V 
shows the direction 
of rotation. ZPF is 
the angle turned 
through since F 
crossed the meri- 
dian. 

Hence ZPF, re- 
duced to time at 
I hr. to 15'", gives 
the sidereal tune at 
the moment con- 
sidered. 

But from what 
we have said, the 
angle FPS, reduced 
to time, is the star’s 
tight ascension. Fig. 10 

Now when S is on 

the meridian, clearly ZPF = FPS. Hence we have the im- 
portant result that when a star is on the meridian of a station 
the local sidereal tune is equal to the star's right ascension. 

In the Nautical Almanac, the bright stars are tabulated 
in order of Right Ascension. (See table on p. 9.) 

Examples. 

(i) If observation for latitude is to be taken on 7th Oct., 
and the desired time is about 7 p.m., find what star will be 
suitable, the latitude being approximately 50° N. 

The first step is to find the sidereal time. 

Oct. 7th is about months ahead of the March equinox. 
Thus sidereal time is about 13 hr. of solar, and therefore will 
be about 20 hr. at 7 p.m. 
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Now for latitude observations the star must be on the 
meridian. And when it is there the sidereal time is the same 
as its right ascension. 

Hence we must choose a star whose right ascension is about 
20 hr., and whose declination is sufficient to enable it to be 
seen, preferably fairly high up. 

Reference to the table on 'pdigQ or io Ti N autical Almanac 
or a star chart, shows that, among bright stars, there are 
Altair at 19 hr. 47 min. ; y Cygni at 20 hr. 20 min. ; and 
Deneb at 20 hr. 39 min. 

The last two would be very high up, and probably the 
ftrst (that is Altair) would be best, but the observation would 
have to be made before seven. 

We should try to set on the star soon after 6.30, and follow 
it, as described on page 13. 

(2) We shall now work the same example more exactly. 
Suppose that the station is in longitude 3° 37' W. about, and 
the year 
mean time. 

hr. min. sec. 

Now on 7th Oct., 1926, G.S.T. at G.M.N =13 i 30 

Converting the solar interval to sidereal, 7 hr. = 719 


G.S.T. = 20 

2 

39 

Longitude corr. - 

14 

28 

L.S.T. = 19 

48 

II 


The longitude correction is arrived at as already stated. 
The result shows that Altair will be almost exactly right, 
and we need not set on the star until about 6.50 or 6 . 55 * 
according to how sure we are of the time. 

(3) Find the longitude of a station if Aldebaran crossed the 
meridian at 8 hr. 12 min. 12 sec. p.m. by G.M.T. chronometer 
on 3rd Feb., 1926. 

Here we must find the G.S.T. from the G.M.T. 

Local sidereal time is given by the star’s right ascension. 

Thus we shall know both Greenwich and local time, in the 
same kind of time, and the difference gives longitude. 


1926, and that the time 7 p.m. refers to Greenwich 
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hr. 

min. 

sec. 

G.S.T. at G.M.N. on 3rd Feb., 1926 

= 20 

51 

37-5 

8 hr. 12 min. 12 sec., after noon, 8 hr. 

= 8 

1 

18-9 

12 min. 

— 

12 

2-0 

12 sec. 



12-0 

G.S.T. 

= 29 

5 

10*4 


Clearly we have gone past the next sidereal noon and we 


must subtract 24 hr., giving 

hr. 

min. 

sec. 


5 

5 

10*4 

L.S.T. = Star’s right ascension = 

4 

31 

40-3 

Longitude = 


33 

30-1 

33 min. = 15 X 33' = 

8*^ 

15 

0" 

30*1 sec. = 15 X 30-1" = 


7 

32 

Answer = 

8° 

22' 

32" 


More worked examples will be given in Chapter V, and at 
the end of the book there are examples for the student's 
exercise, with answers. 

Azimuth. 

From those which have been given, it is clear that such 
calculations may be made for two different purposes — 

(1) To find a suitable star for a latitude observ^ation, and 
to find when it should be observed ; 

(2) To determine longitude by taking the time when a 
star crosses the meridian. 

For the first of these purposes, it is not necessary (though 
it is helpful) to know the direction of the meridian at all 
accurately. We can observe the star a little before time, and 
follow it to find its highest altitude. 

For the second purpose, however, we wish to know the 
exact moment of crossing, and are not concerned with altitude 
at all. Hence we must know the exact direction of the 
meridian. 

That is to say, before we can take an exact observation for 
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longitude, we must know the exact direction of a north and 
south line at the station. 

This is found by determining the horizontal angle at the 
station between some known line on the ground and the 
meridian. 

The best methods of doing this require a knowledge of 
spherical trigonometry for their solution. 

By Equal Altitudes. 

We shall now describe a simple method, known as the 
method of equal altitudes. 

If the altitudes of a star be observed at a number of known 
times before and after it crosses the meridian, and the results 



~r ! m. e. 
Fig. II 


are plotted in a graph, we obtain a curve such as that shown 
in Fig. II. Assuming that there has been no appreciable 
change of declination, and that the observations are correct, 
the curve will be symmetrical about the meridian. 

The highest point C will correspond with the moment of 
transit, and, if A and B are two points where the altitudes 
are equal, C will be midway between these in time. It is 
evident from symmetry that if the horizontal angles were also 
read, the angle corresponding to the point C would also be 
midway between those read at A and B. 

The method, then, is as follows ; Set up the theodolite at 
the station, and level it very carefully, using the upper level. 
Take the reading of the horizontal circle to some fixed point 
on the earth, called a referring object, say another station. 

Now choose a suitable star which is rising, and is at least 
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I hr. away from the meridian. Set the cross hairs on it, both 
circles being clamped securely and the final setting made by 
tangent screws. Read the horizontal and vertical circles. 

We must now wait for two hours or more until the star has 

crossed the meridian and returned to the same altitude when 

setting When the proper time approaches, we turn the 

theodohte horizontally round towards the same star, and aim 

at it as carefully as we can, but taking care not to touch the 
vertical circle. 


Presentlj^ the star will appear in the field of view. As it is 
setting, it will appear to be rising, and should come into view 
at the bottom of the field. We just turn the telescope hori- 
zontally to keep the star in view until it is approaching the 
nonzontal hair. Then bring it near the vertical hair also, and 
clamp the horizontal motion. Use the horizontal tangent 
screw to keep the star accurately on the vertical hair, until, 

at last, it comes to the intersection of the two hairs, when the 
observation ceases. 

Read the horizontal and vertical circles again. The vertical 
circle is read only as a check, to make sure that the altitude 
IS unaltered. It should be the same as before. Hence only 
one vernier need be read. 

But both horizontal verniers should be read for horizontal 
angles in all cases, and the mean taken. 

Suppose the following results are obtained — 

Name of station, K ; referring object, L. 

Horizontal reading to L, 217° 23^ 25*'. 

star. 69° 48' 30", 1st position. 

" „ 162° 9' 52", 2nd 


. . Mean reading to star = 115° 59' n", and this gives the 
reding when the theodolite is pointing due south (or due 
north, as the case may be), that is, along the meridian. 

^us, reading to L from K = 2if 23' 25" 

Reading along meridian =115 59 n 


Angle between KL and meridian = loi 24 14 

from the meridian to KL, because the 
snSler ^ clockwise, and the meridian reading is the 

Assuming that our station K is in the northern hemisphere, 

3~(I243a) 
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and that the star is observed to the south, then the meridian 
direction above is due south. Draw KN (Fig. 12) to represent 
north, KM south. Set off the angle 101° 24' 14" clockwise 
from KM, and we find the direction of the referring line KL. 

Now the angle NKL, measured clockwise from north to 
the line KL, is called the azimnih of KL. 

In this case it is clear that it is greater than MKL by 180°. 

Hence we have 

MKL = 101° 24^ 14" 

180 

Azimuth of KL = 281° 24' 14'' 


This angle must be set off anti- 
clockwise from the line KL in the 
field, that the theodolite may 
point due north, or 101° 24' 14" 
in order that it may point due 
south. 

The disadvantages of this 
method are, first, that so long a 
time is required ; secondly, it is 
difficult to ensure that the instru- 
ment shall be levelled with sufficient precision to ensure 
exactly the same altitude ; and, thirdly, that the result is 
affected by errors in the permanent adjustments of the 
theodolite, unless the star and the referring object are at the 
same altitude. 

The time taken is not only a disadvantage in itself, but 
it may lead to changes in atmospheric refraction, which may 

affect the result. 

The second objection can be minimized with care, but 
cannot be overcome. The third may, theoretically, be over- 
come by taking all observations both face left and face right. 
This, it done in one evening, means that we must read the 
referring object face-left and face-right to start with. Then 
set on the star, say, face-left, and read horizontal and vertical 
circles. Then reverse face immediately, and take the readings 
again on the star, face-right. 

Then take the readings at the same altitude when setting, 
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Still face-right, as before. Then reverse face iininediatelv. set 
the vertical circle to the same reading as we had before, 'face- 
left, and wait for the star to cross. Means between face-left 
and face-right readings are taken in all cases. 

The difficulty is to be sure that we set back to exactly the 
same altitude. ^ 

With Sun. 

When finding south by morning and afternoon observations 
of the sun by this method, allow'ance must be made for change 
of declination. ® 

Suppose w'e are 
making an observation 
on 1st March. At that 
time the sun’s declina- 
tion is increasing (i.e. he 
is moving tow’ards the 
north), about 57" per 
hour. Hence if we take 

our observation about i J hr. before and after noon, the declina- 
tion will have increased 3 x 57" = 3 min. nearly between the 
observations. 

Thus the sun will be about 3 min. higher up at the second 
observation than he would have been if his declination had 
not changed, and we should set the vertical circle to read 
3 min. more for the second observation than for the first. 

The change in altitude is not quite equal to the change in 

declination, but at hr. from the meridian this w'ill be near 
enough in most cases. 

It is, moreover, necessary to read the horizontal angle to 
the edge of the sun, instead of the centre (p. 15). Care must 
be taken that the sun s image is either above or below the 
horizontal hair for both observations (for equal altitudes), but 
that it is right of the vertical hair for one, and left of it for the 

other, so that the mean horizontal reading will give the angle 
to the sun’s centre (Fig. 13). 

Examples. 

(i) On 1st March in approximately longitude 5° W if it 
IS desired to observe the sun about i hr. before and after noon 
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about what time must the first observation be taken, by a 
clock which gives G.M.T. ? 

The local apparent time is to be about ii a.m. Greenwich 
mean time will be ahead of this by hr. or 20 min. Hence 
G.A.T. = II hr. 20 min., and the equation of time is about 
12J min., to be added to apparent time, so the G.M.T. of the 
first observation should be about ii hr. 32J min., say 11.30* 
(2) It is desired to make an azimuth observation in England, 
about 6 to 8 p.m., on 20th Oct. Find a suitable star, and when 
the first observation should be made by G.M.T. chronometer, 
in long. 5° \V. 

The G.M.T. of observation is to be about 7 p.m. for transit. 
The G.S.T. at noon is approximately 13 hr. 50 min. 

The G.S.T. at 7 p.m. is about 20 hr. 50 min. 

L.S.T. = 20 hr. 50 min. - 20 min. = 20 hr. 30 min., and 
this will be the right ascension of a suitable star. 

Reference to the Nautical Almanac shows a scarcity of 
bright stars about then, the nearest being y Cygni at 20 hr. 
ig min. 30 sec. about ; but this one would be rather high up 
for convenient observation. 

It might be better to use Altair (19 hr. 47 min.), in which 
case the first observation should be taken not much later than 

5 P-^- 

More exact methods of determining azimuth require a 
knowledge of spherical trigonometry, and are referred to in a 
later chapter. 

Longitude by Wireless. 

It will be seen that when the exact direction of the meridian 
is known, local time (either sidereal or apparent) can be found 
by taking the moment at which a star (or the sun) crosses the 
meridian. By many such observations, it can be found very 

accurately. . . 

To find longitude we must also know the Greenwich time. 

If this is found by chronometer, it is always subject to some 

small uncertainty. Hence for the best results, telegraphic 

signals are arranged between the nearest station of kimwn 

longitude and that whose longitude is required. Nowadays 

wireless signals are sent out regularly at certain times from 

certain stations. 

By such methods, Greenwich time can be found with more 
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certainty than by chronometer. They are, however, refine- 
ments of method, and here we are chiefly concerned with 
principles, so that we shall not consider them farther. 

Longitude by Moon Observations. 

Where wireless signals are not available, and the Greenwich 
mean time chronometer is considered unreliable, Greenu-ich 
time may be found by direct observation of the moon or of 
certain phenomena connected with some planets. Such observ- 
ations take many forms, but we propose here to refer to 
observations on moon culminating stars. 

The right ascension of the moon changes rapidly. Hence if 
we can find it at some given moment by direct observation, the 
Nautical Almanac enables us to compute the Grcemiich time 
corresponding thereto. 

Moon culminating stars arc stars whose right ascensions and 
declinations nearly agree with those of the moon on the day 
of observation, and hence are suitable for comparison. 

Having found our meridian, we choose such a star, and 
observe the exact time at which it crosses the meridian, by 
any fairly accurate time-keeper, wliich need not, however, 
give true local or Greenwich time. The local sidereal time is 
then equal to the star’s right ascension. 

Now, according to the phase of the moon, one or other of 
its edges will be complete. Before full moon this will be the 
right or leading limb or edge ; after full moon, the right edge 
is in shadow, and the left complete. The observation of the 
moon must be taken on the complete edge, whichever it is, 
and we take the exact time of its transit. 

The difference between the times for the star and moon gives 
the time interval between the transits. It should be small, so 
as to minimize the effect of any changes in the clock rate. 

It is converted to a sidereal interval (unless a sidereal clock 
was used), and added to the star's right ascension, if the star 
transits first, or subtracted if the moon was first. 

The result clearly gives the local sidereal time of the transit 
of the moon's edge, and this, in turn, is equal to the right 
ascension of the edge, or limb, at that moment. 

Now the Nautical Almanac (under the heading “ Moon, at 
transit at Greenwich") gives us the right ascension of the 
complete limb when it crossed at Greenwich, and how much 
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it was changing per hour of longitude. Hence we can find 
the longitude. Strictly, we should allow for a variable rate of 
change, but here we regard it as constant. 


Example. 

On 24th Nov., 1928, 0 Piscium (right ascension, i hr 
41 min. 38-2 sec.) crossed the meridian of a station at 9 hr. 
32 min. 5*4 sec. p.m. by a mean time clock. The right limb 
of the moon crossed at 9 hr. 37 min. 13-0 sec. 

Find the longitude, given that, at the transit at Greenwich, 
the right ascension of the moon’s bright limb (the right) was 

hour of 


I hr. 45 min. 23*1 sec., increasing 

139*06 sec. 

per 

longitude. 

hr. 

min. 

sec. 

Time of transit of moon’s limb = 

9 

37 

13*0 

,, „ star = 

9 

32 

5*4 

Mean time interval = 


5 

7*6 

Sidereal interval = 


5 

8 - 4 . 

Right ascension of star = 

I 

41 

38-2 

,, ,, moon's limb = 

I 

46 

46*6 

At transit at Greenwich = 

I 

45 

23*1 

Increase = 


I 

23*5 


seconds. 


But increase per hour of longitude (i.e. per 15°) is 139*06 sec. 

Hence, longitude = 15° x ^ = 9° almost exactly. 

^39 ® , 

The longitude is west because the moon’s right ascension is 
greater than at Greenwich, and hence the transit is later. 

Alternatively, we may reduce the observation to the moon's 
centre. Thus, in the above case, the Nautical Almanac tells 
us also that the time taken by the moon’s semi-diameter to 
cross the meridian is 69*0 sec. 


Hence we have— jir. min. sec. 

Time of transit of right limb = i 46 46*6, L.S.T. 

For semi-diameter add i 9*0 

Time of transit of centre = i 47 55*6, 

and this gives the right ascension of the moon at transit. 
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Now the Naniical Almanac tells us that at lo p.m. on that 
day, G.M.T., the moon’s right ascension was i hr. 47 min. 
34*4 sec., increasing 22*4 sec. in 10 min. 

hr. min. sec. 

Right ascension at transit = i 47 55.5 

At 10 p.m., G.M.T. = I 47 34-4 


Increase = 21*2 

21*2 

Time required = 10 x min. = 9 min. 28*2 sec. 

22 * 4 ^ 

Hence, G.M.T. of transit = 10 hr. 9 min. 28-2 sec. p.m. 

hr. min. sec. 

Now Gr. sidereal time at noon = 16 12 467 from N.A. 

10 hr. = 10 I 38-6 

9 min. 28*2 sec. = 9 29-8 

Gr. sidereal time of transit = 2 23 55'i 

Local ,, = I 47 55*6 as above 


Longitude in time = 35 59-5 

= 9° almost exactly, 
as before. 

We can now find the clock error on local mean time, for 

hr. min. sec. 

Gr. mean time of transit = 10 9 28-2 

Longitude correction = - 36 0 


L.M.T. 


= 9 33 28-2 


But the observed local mean time of right 
limb was 

Time of semi-diameter passing = 69 sec. 
sidereal, or, in mean time, 


hr. min. sec. 
9 37 13 

I 8*8 


Observed time of transit of centre — 9 38 22 

or the clock is nearly 5 min. fast. 
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The International Date Line. 

It will be clear, from what we have said, that at any 
given moment the time depends on the longitude, increasing 
eastwards, and decreasing in the west. 

Thus consider the moment when it is 9 p.m. at Greenwich, 
mean time, on loth March. 

In 45® E. the time will be 3 hr. ahead, and the local mean 
time will be midnight on loth March ; in 90® E. it will be 
3 hr. ahead of that, and therefore 3 a.m. on nth March, and 
finally at 180® E. it will be 6 hr. more ahead (as shown in 
Fig. 14), and therefore 9 a.m. on nth March. But if we go 

/^ar-./o Mat- // 

Ci f72. fo rri . C/ f73 

9 NOON 3 e S' Mt 3 6 9 

I » I I ..I ■ i ■■ I I I 

/SO /55 90 O ^5 90 /3S /80 

WEST Ef=rsr 

Fig. 14 


westwards instead of eastwards, the time is behind Green- 
wich, so that, working westwards to 180® west, the time is 
9 a.m. on loth March, at the same moment as it is 9 p.m. 
on loth March at Greenwich and 9 a.m. on nth March at 
180® E. 

But the meridian of 180° W. is the same as 180® E. 

Hence on this meridian the time will be 9 a.m. in any case, 
but the date may be either loth March or nth March, according 
to which way round we go. 

If we start from any other point than Greenwich, the same 
thing will happen at the i8o°th meridian. 

Now it is clear that we cannot have a double date of this 
sort at a place, and it so happens that the meridian of 
180® from Greenwich crosses land only in a very, very few 
places. 

Hence, by general agreement, a line has been chosen which 
nearly follows this meridian but deviates slightly from it in 
places to avoid certain islands. This is called the international 
date line, and, in crossing it, the date is advanced, or put back, 
one day, according to whether we cross from west to east or 
east to west. 
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The line is shown in Fig. 15. 

The 180® meridian is shown 
as a vertical straight line, full 
where it coincides with the date 
line, and dotted where the latter 
departs from it. 

It will be seen that the line 
bends west, about 70° N. lati- 
tude. to avoid Wrangel Island. 
It then bends east through 
Bering Strait, then west again in 
order to keep the whole of the 
Aleutian group on one side of it. 
From about 50° N. to 10° S. it 
encounters no land and follows 
the meridian. It then bends 
east to keep Chatham Island 
and the whole of the Fiji group 
on the same side as New 
Zealand. 

In the case we have been 
considering, the date would be 
loth March in all the Aleutian 
Islands, but iith March in the 
Fiji group. 


Atmospheric Refraction 


Alt. 

(Deg.) 

Rcfr. 

(Sec.) 

Alt. 

(Deg.) 

Rcfr. 

(Sec.) 

80 

10 

35 

81 

70 

2 { 

30 

98 

60 

35 

27 

1 1 1 

50 

48 

24 

128 

45 

- ^ 

3/ 

2 2 

140 

40 

68 

20 

T ^ 


J30 



Fig. 15 





CHAPTER II 


THE SHAPE AND SIZE OF THE EARTH 


Historical. 


For fuller notes of the history of the early efforts to determine 
the figure of the earth the student is referred to the article on 
this subject in the Encyclopaedia Britannica, but we must 
refer to it briefly here. 

Everyone knows that (so far as existing records show) the 
first important attempt at determining the earth’s radius was 
made by Eratosthenes, rather more than 200 years before the 
start of the Christian Era. 

We have seen that if the meridian zenith distance {z) of a 
star be determined, and its declination is 6 , then if latitude 
= A, we have X — z d. . . . (p. 7). 

Thus if the meridian zenith distances of the same star be 
observed at two different stations, it is clear that the differ- 
ence of latitude between the stations will be the same as the 
difference of zenith distances, as 6 is the same in both cases. 

Now Eratosthenes noted that at the summer solstice the 
sun was directly overhead at Syene at noon, so that it cast 
no shadow from either side of a well there. In other words, 
the sun’s meridian zenith distance at Syene was zero on that 
day. 

He therefore measured the zenith distance on the same 
day at noon at Alexandria (which is nearly on the same 
meridian as Syene), and found it to be 7° 12'. 

He thus found that the difference of latitude between these 
places was 7° 12’. 

Now if A and B are two stations on the same meridian, and 
we assume (like Eratosthenes) that the earth is a true sphere, 
it is clear that the angle AOB (Fig. 16) is the difference of 
latitude. 


Now where r is the radius of the earth. 

360 27 rr 

Eratosthenes obtained in some way the distance from Syene 
to Alexandria as 5,000 stadia. This gives the arc AB. 
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But 360^ is exactly times 7° 12' ; hence he fouiui that 
5.000 stadia was the tiftieth part of the earth’s circumference. 

The question of whether the result was good or not is of 
no importance. The facts that the angle is exactly the tiftieth 
part of the whole circle, and that the _ ^ 

distance is given in round numbers. S 
indicate what we should call a very 
rough determination, though it was 
an important scientific step. 




Fig. 17 


The next important step was not 
taken until about the year 1617, 
when a Dutch geodecist, Willebrord 
Snell, obtained the distance between 
the terminal stations, not by direct 
measurement but by means of a 
chain of triangles linked up with a 
measured base. He introduced, in fact, the idea of applying 
a triangulation survey to the solution of this problem. 

With such a chain as that shown in Fig. 17, connecting 
stations A and B, it is possible to use stations very much 
farther apart than would be possible by direct measurement, 
as well as obtaining the distance more accurately. 

Knowing the azimuths of the lines as well as the latitudes 
of A and B, it is possible to calculate the distance AC, between 
A and B, in a dtie north and south direction, even if A and B 
are not exactly on the same meridian. 
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This is, in fact, the principle of the method now adopted for 
finding the radius of curvature of the earth at any point. 

If A A = difference between latitudes of A and B, 

AC = north and south distance ; then 
aA ^ AC 
360° ZTrr 

The next important advance was the application of the 
telescope in the measurement of the angles, made by Picard 

in 1669, in France. 

This was soon 
followed by the re- 
markable discovery 
of Richer (1672) 
that a pendulum 
which beat seconds 
in Paris, correctly, 
did not do so at 
Cayenne, in South 
America, and the 
explanation (1687) 
of this fact by New- 
ton, as due to the 
fact that the earth 
was spheroidal in 
shape, rather than 
spherical, and that the force of gravity would not, in conse- 
quence, be the same at different places. 

Newton argued, on theoretical grounds, that the earth s 
polar axis should be shorter than its equatorial diameter in 
consequence of its rotation. Hence the nearer we approach 
the equator, the farther we should be from the centre, the 
smaller the force of gravity, and the longer the time taken 
by a pendulum to swing. Such a figure is called an oblate 

spheroid. 

Now, referring to Fig. 18, if EE be the equator and PQ the 
polar axis, a section of the oblate spheroid would be an ellipse. 
The figure shown is very nearly a true ellipse, but has be^ 
described as a series of circular arcs with the centres marked. 
This makes it clear that, with such a shape, the radius of 
curvature along a meridian increases as we approach the 
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poles, and decreases towards the equator. Thus between A 
and B the radius is BD. But between B and C it is BF. The 
difference of latitude between ^4 and B is the angle ADB ; that 
between B and C is BFC. As the radius of curvature is greater 
for AB than for BC. it is clear that the length of arc, per degree 
of latitude, will also be greater. Thus, with this shape, we 
should find an increasing radius of curvature as we approach 
the poles, or, in other words, the length of one degree of 
meridian should increase with the latitude. 

This was a matter which could be put to the test at once. 
The experiment was tried, and (after a preliminary trial 
which seemed to give a contrary result and created much 
excitement) the tests instituted by the French (1735 to 
1745) completely established the validity of the reasoning of 
Newton, which had been strengthened by the researches of 
Huyghens. 

This may almost be said to have led, later, to an alternative 
method of working at the earth's shape, by finding how the 
time of swing of a pendulum varies from place to place, and 
so arriving at a comparison between the strengths of the 
gravitational attraction at different places. Sur\'eys on this 
principle are called gravity surveys, and will be referred to 
again later. 

In 1783 a triangulation to connect the observatories of 
Greenwich and Paris was set on foot ; improved methods 
were adopted both for the base line measurements and for 
the angles, and this, together with the French survey to 
determine the length of the metre (which was to be the forty- 
millionth part of the length of a complete meridional circum- 
ference), aroused considerable interest in the subject, so that 
Geodetic surveys were undertaken by many countries. 

Another important step was the first application of the 
method of least squares to the adjustment of the angles by 
Gauss, in the Survey of Hanover (1821-44). 

Since then many contributions to the solution of the prob- 
lem have been made, among the most important of which 
has been the United States Coast Survey. In this the astrono- 
mical observations were corrected according to the theory 
of isostacy for the first time. In 1887 the International 
Geodetic Association was formed for the study of this and 
allied problems. 



46 MATHEMATICAL GEOGRAPHY 

Mathematical Formulae. 

The mathematics involved in the complete study of the 
spheroidal shape of the earth is somewhat advanced. It may 
be mentioned, however, that, assuming that the section along 



Fig. 19 


a meridian is an ellipse (Fig. 19), the following formulae are 
true. 


Put OE = semi-equatorial diameter = a 

OP = „ polar ,, = h 

- b- 

and let — — = eccentricity of ellipse = e. 


This last formula is simply the definition of eccentricity 
adopted in mathematics. 

Also let r — radius of curvature of meridian at any point A , 
and (f) — latitude of A . 


Then 


a {1 ~ €“) 

(i - sin- <f>)^ 



Now we have seen how (by finding a meridional distance 
and the latitudes at two stations) we can find the mean radius 
of curvature between the stations. 

Let us take this as giving the exact radius at the point 
midway (in latitude) between the two stations. 

We thus have a radius of curvature along the meridian at 
one known latitude. 
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Suppose two such determinations are made, namel\’ r, and 
in latitudes <^j and 

^ (i - t;- sin- = rt (i - C-) 

^2 (i - e" sin- ^2)^ = (i - e-) 

ti (i - e~ sin- =: ^2(1- sin- 

It will be clear that as all symbols except e in this equation 
are known, we can find e from it. 

Then a can be found from either of the preceding equations. 
Knowing a and e, we can find b at once, so that the ellipse 
is known. In fact, many such arcs must be employed for a 
good result, in consequence of the unavoidable errors of mea- 
surement. This, however, is the principle of the determination 
of the earth s figure by the measurement of arcs of meridian. 
Also if R be the radius of the parallel in latitude (j>, 

n ^ cos ^ 

“ (I - £2 sin 2 (2) 

and, similarly, we can find a and e by finding the distances 

along two parallels corresponding to given differences of 
longitude. 

If the earth were a sphere of radius a, the above formula 
would become R ~ a cos <f>, as e, of course, would be zero. 


Then 
and 
so that 


Mean Sea Level. 

It is clear that the irregularities on the earth’s surface, 
such as land surfaces of different elevations, must depart 
appreciably from any regular shape, such as that of a spheroid. 
When, therefore, we speak of the figure of the earth, we do not 
mean the actual surface, but, approximately, the shape which 
that surface would assume if all the land above sea level were 
removed. This explains why mean sea-level is chosen as the 
height to which all base lines should be reduced (as explained 
in Part I of this work) in large surveys. 

Geodetic Surveys. 

Surveys intended to supply data for determining the earth's 
figure are called geodetic surveys, in contrast to topographic 
surveys, in which the object is simply the representation of 
the configuration of the actual surface in one part of the earth. 
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Nearly all surveys of large areas are now so conducted as to 
come under the first head. 

Gravity Surveys. 

In addition to the determinations of lengths of known arcs 
of meridian and parallel, we can find, as already stated, the 
lengths of the time of swing of a pendulum in different lati- 
tudes. This time varies, in accordance with known mathe- 
matical laws, with the force of gravity, after allowing for the 
effect of the earth’s rotation ; and the force of gravity varies, 
also in a known way, with the distance from the earth s 
centre and with the latitude. Hence by comparing the times 
of swing at two places, we can arrive at a conclusion as to 
how far the shape departs from the spherical. 

Now the greater part of the earth's surface is covered by 
water. Here we cannot measure accurately an arc either 
of meridian or parallel. But if it be found possible to obtain 
accurately the time of swing of a pendulum on a ship of any 
kind, it is clear that this method will enable us to make 
comparisons on sea as well as on land. 

The trouble is that the swing of the pendulum is affected 
by the motion of the ship. 

Within the last few years, however, experiments have been 
made on submarines with a double pendulum, so arranged 
that, if hung from fixed supports, the two components would 
be swinging in opposite directions at the same moment. 

Thus any motion of the ship will affect them equally, but 
in opposite directions, and by a laborious process it is possible 
to disentangle the results and arrive at a figure for the actual 
time of swing. Such a method may lead to many new results. 

In gravity surveys, the force of gravity at different places 
may be compared by other methods than taking the swing of 
an ordinary pendulum, and other instruments have been used 
for the purpose. 

There are also many methods of finding how far the earth s 
shape departs from the spherical, based on theoretical con- 
siderations in mathematics and astronomy. 

All these are, however, beyond the scope of this book. 

Those who wish to study the matter further are referred 
to the " Notes on the Geodesy of the British Isles, by 
Col. C. F. Close, being No. 3 of the Professional Papers, New 
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Series, issued by the Ordnance Survey. It contains a full 
bibliography. 

Results. 

The figures in the table of results given below have been 

taken, in part, from that paper, and some additional columns 
inserted. 




Equatorial 

Radius 

I 

Polar 

Radius 


Name 

Date 

Com- 
pression * 

Mean 

Radius 

1 

Airy . 

1830 


^ 99*93 

6.356.237 

0,366.889 

Everest 

Bessel 

Clarke . .1 

1830 

<^•377*304 

300-80 

6.356.103 

6.366.703 

1841 

t>. 377.397 

299-15 

6,356.078 

6.366.738 

1858 

h. 37«.-'93 

294-26 

6,356.616 

6.367.455 

Clarke 

1 866 

6.378.200 

294-98 

6.35O.5S2 

6.367.394 

Clarke 

1880 

6,378.249 

293*46 

6.350. 510 

b.367.381 

Helmert 

T T t k 

IQ06 

6.378.200 

298-30 

6.356.817 

6.367.500 

Hayford 

1911 

: t». 37 S. 3 S 8 

1 

296-96 

6,357.489 

6.367.938 

General Mean 


1 

6.377.947 


6.356.555 

6.367,251 


It is remarkable that these figures seem to show, on the 
whole, a distinct upward tendency, which may be significant, 
but is more likely to be accidental. 

To show how far it is marked, we have taken, in each case, 
the difference between the general mean radius and each 
separate determination. 

The results are plotted in Fig. 20, where a minus quantity 
indicates a result below the general mean, and a plus result 
IS higher than the mean. It will be seen that the early results 
are minus, the later plus. Of course, in some cases the com- 
puters have made use of surveys carried out at earlier dates 
as well as those which were recent, so that the results are 
not completely chronological. All results are in international 

Col. Clarke gives the relation of this unit to the 
rSritish yard as i yd. = '9143992 metre. 

The term compression (col. 4) stands for the value of - — where a 
and b are the equatorial and polar radii respectively. 

4— {I243A) 
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It will be clear from the figures that the polar and equatorial 
radii given by Rayford's calculation are both noticeably 
greater than those of any previous determination. They are 
derived from the survey of North America (United States) 



only, and may either indicate increasing dimensions of the 
earth, or a greater radius of curvature at that particular par 
of the surface than elsewhere. These values were, however, 
adopted for general recommendation at a conference ot ne 
International Geodetic Association in 1924. called together tor 
the purpose of deciding which figure should be recommended. 

It is only for the most exact work that it makes much 
difference which figure is chosen. The tables in Chapter lA 
give lengths of 1° of meridian and parallel in different latitudes. 

The Theodolite. 

We shall conclude this section with a diagram of a theodolite 
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(Fig. 22) a table of references to show the names of the parts 
“(P- 53) — and some further notes about it. 

* ^ given a list of errors 

to which a single observation of an angle is liable. Some of 
these will now be referred to more full3^ 

(fl) Errors due to the vertical axis not being exactly coin- 

cident with the centre of the graduated circle. We have 
stated that these are 

eliminated by reading 
opposite verniers. 

In Fig. 21, let B be 
the centre of the vertical 
axis, and A the centre 
of the graduated circle, 
and suppose that in 
measuring an angle the 
vernier moves from X to 
It turns round the 
centre B, so the angle 
turned through is XBX^. 

But the difference be- 
tween the readings will 
give the angle at the 
centre of the circle, 
namely XAX^. Let AX, 
meet XB in C. 

Now XCX^ = XBXi + BX^C 

and XCX^ = XAX^ + CXA. 

XBX, + BX,C = XAX, + CXA . . . (i) 

Now suppose there is another vernier Y, opposite to X, so 
hat while X moves to X^, Y moves to Y,, also, of course, 
VRV ®anie centre B and through the same true angle 

^'fforence between the readings at Y and Y, will give 

the angle Y^ Yj. ' ® 

A Y meet BY^ at D. 

Then YDYj = YBY^ + DYB 

and YDY^ = Y.4 Yj + .4 Y,Z). 

yby, a- DYB = YAY^A- AY^D 



( 2 ) 
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Fig. j 2 

(For Key see foot of page 53) 
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the shape and size of the earth 


Now add (i) and (2) together. 

+ « + 

Now AX^ = A\\ as A is the centre of the circle 
/. BX^C = AY^D: 
similarly DYB = CXA. 


YA Y, 


/. bx,c^dyb = cxa+ay,d. 

XBX, A- YBY, = XAX, + YA Y,. 

Now XBX-^ and YBY^ are equal, and cither of them gives 
the true angle, while XAX, and YAY^ are the measured 
values of the angle as given by the opposite verniers. 

Hence we have 2 x true angle = sum of measured values, 
angle is the mean of the measured values. 

(6) Errors due to faulty adjustment of the theodolite. 

It is proposed to refer to three of these. 

In Fig. 23, let AB be the horizontal or trunnion axis of the 
telescope, along the line of the arrow in Fig. 22. 

Then, (a) when the instrument is levelled, this axis should 
be truly horizontal. 

Next let K be the centre of the cross hairs, and 0 the optical 
centre of the object glass. 

Then /CO is called the “ line of collimation,” and is the line 
along which we actually read. 


KEY TO FIG. 22 


A. Horizontal circle, bevelled 22r. 

B. VerUcal circle, flat. 

C. Readers for circies. 

C . Reflectors for verniers. 
o. Removable glass covers to vemien 
Clamping face for magnetic c< 
pass. 

F. Antagonistic screws for adjust 
height of transit axis, 
t'. Clamp screw for caps of transit a 
pivots. 

«. Screw.focusing eyepiece. 
i' for telescope. 

J' Diaphragm adjusting screws at si 
j, ®T«lc«:opc (not seen). 
j . Diaphragm adjusting screws at 

o of telescope (not seei 

J • Protecting cap and dust excluder 
/and /'. 

F. L. Plate bubblesand nuts for adic 
log same. 


M. Vertical vernier arm bubble (altitude 
zero setting). 

M'. Nuts for adjusting .V. 

O. Tribr.ich. 

P. Footscrews. 

Q. Dustcovers for footsciews. 

Q'. Tightening screws for footscrews. 

/?. Clamp for lower plate. 

fi'. S!ow*motion screw for lower plate. 

•S. Clamp for upper plate. 

S'. Slow-motion screw for upper plate. 

T. Clamp for telescope. 

T'. Slow-motion screw for telescope. 

V. Slow-motion screw for vertical vernier 
bubble (A/). 

V. Check-nut for U. 

V. Quick release spring boxes for vertical 
slow-motion screws T'and U. 

X. Trivet stage. 

X'. Screws for lightening up ball-ends of 
footscrews. 
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(6) This line KO should be truly perpendicular to the 
trunnion axis AB. 


If both these adjustments are 
turn the telescope round AB, th 

I 



perfect, it is clear that as we 
: line KO will describe a true 
vertical plane, because AB 
will be horizontal and KO 
perpendicular to it. 

Suppose, however, that 
KO is perpendicular to AB, 
but AB is not horizontal 
(Fig. 24). Then as we turn 
the telescope round AB, the 
line of sight KO will describe 



an inclined plane, instead of a vertical one. In Fig. 24, 

VV represent the true horizontal and vertical lines, ana in 
the case shown suppose we look along the line KO ^ P®'"! 
high up (say a triangulation station on top of a hill), an 
that the next point we wish to observe is much lower down, 

and to the right of the first. , ^ 

In turning the telescope down to the level of the secon 

station, it is clear that the line of sight, instead of coming 
down vertically, will move to the right a little, before we stan 
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turning the horizontal plate at all. Hence the observed angle 
will be too small. 

If now we reverse face, this turns the theodolite round. 
The high side, of the axis will now be on our left, as shown 
by the dotted line and if we look again at the high 

station and turn the telescope down once more (after taking 
the reading) then the line of sight, KjOj, will move this time 
to the left, in coming down, by the same 
amount as it moved to the right before. 

Hence when we turn the theodolite to 
the right to look at the second station, 
we must turn through an angle which is 
too big, by the same amount as it was 
too small before. 

Hence the niean of the face-left and 
face-right readings will give the true 
value. 

Next suppose that AB '\s truly hori- 
zontal. but KO is not perpendicular to it. 

In Fig. 25, the reader is asked to 
imagine that AB is the horizontal axis 
of the theodolite. is a perpendicular 
to it, and KO is the line of collimation, 
or line of sight. Also that the telescope 
is horizontal, and that he is looking down 
on all these lines, as seen in plan, and let 
the angle DCO = a, which represents the 
of KO. (C is the centre point.) 

Now suppose we turn the telescope over vertically, round 
the axis AB. Then it is clear that the line KO will describe 
a double cone with its apex at C, and if we go on until the 
telescope is horizontal again (but turned over), then the line 
KO will have moved to K-fl^. 

This process of turning the telescope over is called transiting 
the telescope. It can only be done with a transit theodolite, 
which explains the reason for the name. 

If the adjustment were perfect, the line of sight would be 
DJO. After transiting, it would be DD^, and the angle DCDi 
would be exactly 180°, so that we should be looking in 
diametrically opposite directions. 

If we set on a mark at D before transiting, and read the 




Fig. 25 


faulty adjustment 
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verniers, then transit, and turn back horizontally to D, the 
readings should differ by exactly i8o°. 

But if the adjustment is faulty, as we have seen, the line of 
sight moves from CO to CO^, and the angle OCO-^ is i8o° - 2a. 
Hence if we set on a mark 0 , read, transit, and turn back 
horizontally to 0 , the new readings will not differ from the 
first by i8o°, but by i8o° ± 2a, according to the direction 
of the error. 

If we take readings with the telescope not horizontal, the 
amount of discrepancy, due to the same error a, will be 
increased. Thus the errors in the readings to two points at 
different altitudes would not be the same, and would affect 
the value of the angle between them. 

But it is clear that if we reverse face the telescope is turned 
over and the direction of the error is reversed for each point, 
so that, as before, the mean of the readings (face-left and face- 
right) gives the true value. 

(c) For reading vertical angles, when the instrument is 
carefully levelled, and the vernier of the vertical circle is set 
to read zero, the line of collimation should be truly horizontal. 

If not. it \vill be pointing up or down at an angle called the 
index error of the vertical circle. If it is pointing upwards, then 
it is clear that by turning the telescope over, and re-setting 
the vernier to zero, we cause the line to point downwards at 
the same angle. Hence if we read an angle of elevation face- 
left and face-right, the mean of the results will give the true 
value. 

We may also find the amount of the index error as on 
page 13, and apply it as a correction to all vertical angles. 
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SIMPLE TRIGONOMETRICAL CALCULATIONS 

Traverse Co-ordinates. 

In dealing with traverse surv'eys, by compass, in \'oL I of 

bearing of a line 

(t’lg. 26) IS known, and also the angle ABC between that 
me and the next line BC (measured clockwise from the back 
station as shown by the full arrow), then the bearing of the 
next line can be found by a simple rule, and we have shown 



how these bearings can be used for plotting by scale and 
protractor. 

traverses, the included angles are read by 
eodolite with much greater accuracy than is possible with 
e compass. Assuming that the distances are also measured 
with a corresponding degree of accuracy, the errors in the 
e a work are likely to be much smaller than the unavoid- 

drawing which would accrue in any system of 
plating by scale and protractor. 

Hence it is usual to assume two axes of co-ordinates, OX, 

, and to calculate the distance of each station from each of 
these axes. 

These distances are called the co-ordinates of the station. 
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Thus kA and mA are the co-ordinates of A, while IB and nB 
are those of B. When these are known, each station can be 
plotted independently, so that there is no accumulation of 
plotting errors. 

In calculating co-ordinates, the steps are as follows : (i) The 
bearing of the first line must be known. This may be measured 
by compass if magnetic north is to be at the top of the paper. 
If geographic north is to be at the top, the bearing must be 
a true or geographic bearing. This may be found either by 
correcting the magnetic bearing for declination (Vol. I, p. 27), 
or by a direct observation for azimuth (this volume, p. 31). 

But if the exact direction of north is not a matter of much 
importance (the object being to plot the correct shape of the 
traverse simply), then any bearing may be assumed for the 
first line which the surveyor thinks will make the drawing fit 
well on the paper. 

(2) The included angles must be known. These must be 
measured clockwise from the back station. The methods of 
measuring them by theodolite is given on page 77, Vol. I. 

(3) The bearings are found by adding each included angle 
to the previous bearing ; then, if the result is less than 180°, 
add 180° : but if more than 180°, subtract 180°. This will give 
the bearing of the next line, and so on. If the traverse is 
closed, the angles should be summed, and corrected if neces- 
sary, before calculating bearings (Vol. I, p. 35). 

The bearings so found are whole-circle, and each may go 
up to 360°. They are all clockwise from the top of the paper. 

We shall henceforth speak of the top of the paper simply 
as " north," though it may be true north, magnetic north, or 
only an assumed north, as above. 

(4) The reduced bearings are calculated. 

Reduced bearings are measured either from north or south 
(whichever may be the nearer), and always the shorter way, so 
that every reduced bearing is under 90°. They are never 
measured from east or west. 

In Fig. 27 the whole circle bearings of OA, OB, OC, OD are 
marked with full arrows, the reduced bearings dotted. 

Thus for the line OB the whole circle bearing is the clock- 
wise angle NOB. The reduced bearing is the angle SOB. 

The whole circle bearing of OS is 180° ; that of ON may be 
either zero or 360°. Hence all reduced bearings are measured 
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from zero, from i8o°. or from 360*^, according to which of 
these is nearest to the whole circle bearing. In the case of 
OB this line is nearest to 180°, and the reduced bearing is 
180=* - NOB. ^ 

In order to tell in which quadrant the line lies, we must 
now state the cardinal points as well as the reduced bearing : 
East is 90°, south 180°, and west 270°. 

Hence if a whole circle bearing lies between 90^ and 180° 



Fig- 27 Fig. 28 


it is between east and south. Its cardinal points are said to be 
south-east, and so on. 

Thus, suppose the whole circle bearing of OC is 242° 54'. 
This is between south (180°) and west (270^). Hence it is 
nearer to south (180°) than to north (360°). The cardinal 
points are south-west, and the reduced bearing is measured 
from 180®. 

Hence, reduced bearing = 242® 54' - 180® = 62® 54' S.W. 

Some people prefer to write this as S. 62° 54' W., the letters 
S.W. being understood sometimes to mean exactly midway 
between south and west, whereas here they mean anywhere 
between the two. 

If the whole circle bearing were 342® 54', the reduced bearing 
would be 360® - 342® 54' = 17° 6', and the cardinal points N . W. 

{5) Differences of latitude and departures are calculated. 

If OA (Fig. 28) be any line, it is clear that in moving along 
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OA, we shall travel a certain distance, OK, in the north (or 
south) direction. This is called the differe 7 ice of latitude from 
0 to ^ for the purpose of traverse calculations. 

We shall also travel a certain distance, KA, eastwards 
(or westwards, as the case may be), and this is called the 
departure. 

For the line OB, OL is the difference of latitude, and LB 
is the departure. 

Now the angles KOA and LOB are the reduced bearings of 
these lines, and OA, OB are their lengths. 

Hence clearly we have the following rules — 

Difference of latitude = length of line 
X cosine of reduced bearing, 
and departure = length of line x sine of reduced bearing. 

The student must learn these. 

Thus OL = OB cos LOB ; LB = OB sin LOB, and so on. 

The difference of latitude is north or south according to the 
first cardinal point, the departure east or west according to the 
secojid. Thus, if the whole circle bearing of a line is 137° 27', 
and its length is 675*8 ft., we have the following results— 

Reduced bearing = 180° - 137° 27' = S. 42° 33' E-. 

42° 33' S.E. 

log. cos 42° 33' = 9*86728 log. sin = 9*83010 
log. 675*8 = 2*82982 2*82982 

Log. diff. of lat. = 2*69710 log. dep. = 2*65992 
diff. of lat. = 404*7 S. dep. = 457 '® ^* 

If the traverse is closed, the results are summed. As we 
come back to the starting point, it is clear that all the north 
differences of latitude must add up to the same total as those 
which are south ; and the sum of the east departures must be 

the same as the sum of the westings. 

This checks not only the calculations but also the accur^y 
of the chaining of the lines. If there is a big discrepancy this 
shows a mistake somewhere. 

But s^nall closing errors (which should not exceed i pan 
in 2,000 for only moderately good work, or about i part m 
20,000 for really good work with special precautions to ensure 
accuracy) are put down to small chaining errors, and are 
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distributed over the different lines, so as to make the heures 
close exactly. 

(6) Co-ordinates are now assumed tor tlie first point. These 
are guessed, so as to get the drawing suitably placed on the 

from this point, to the north co-ordinate we 
add the difference of latitude to the next, if it is north (or 



subtract it, if south), and the result will give the north 
co-ordinate of the next point. 

Similarly the departure is added to the east co-ordinate 

d east, or subtracted if west, thus giving the next east 
co-ordinate ; and so on. 

Thus going back to Fig. 26. page 57, the north and east 
co-ordinates of A are kA and niA respectively. The difference 
01 latitude and departure, A to B, are Ap north, and pB east. 
Ihe co-ordinates of B are IB and 71B, and it is clear that 

IB = kp ~ kA + Ap, and 

7 iB = niA pB. 


Example. 

Take the case shown in Fig. 29. Suppose the angles and 

istances marked have been observed, and that it is desired 

o plot the survey with AB horizontally at the bottom of the 
drawing. 

Checking the angles : the sum of the observed angles is 
3 • It should be 540®. Assuming that we need only 
work to minutes, there is one minute to be subtracted from 
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each of three angles, and we choose those adjacent to the 
shortest sides, namely, C, D, and E, so that those angles 
become 54° 17', 219° 48', and 51° 26'. 

The bearing ol A B must be taken as 90°, because it is to be 
horizontal, and therefore at 90° to the top of the paper. The 
remaining bearings are calculated as described above and 
illustrated in Voi. I, and the differences of latitude and 
departure are found from the rules diff. of lat. = length 
X cosine reduced bearing, and departure = length x sine 
reduced bearing. 


Line 

Whole 

Circle 

Bearing 

: Ri- 
duced 

Car- 

dinal 

Points 

Length 

Di 0 erence of Latitude 


Departure 


Bear- 

ing 

N. 

Corr. 

1 

s. 

1 

Corr. 

B 

Corr. 

W. 

Corr. 

AB 

90 0 

0 ' 

90 0 

E. 

1 

^2l‘0 

■ 



+ '4 

321*0 

- *1 


_ 

BC 

21 27 

21 27 

N E. 

2 I 9-0 

203*8 

“ -3 

— 

— 

8 o*i 


— 


CD 

25s 44 

75 44 

s.w. 

2680 



66-0 

+ '3 


— 

259-7 

+ •: 

DE 

295 32 

64 2 f< 

N.W. 

2:6-0 


-'3 

— 

— 



tgrO 


EA 

166 58 

n 2 

S.E. 

23^'4 


» 

229-3 

+ -3 

53-7 

- ' 







1259-4 ' 

296-9 

— 

295-3 


454-0 


454-6 

— “ 


The correction required, in latitude, to make the northings 
and southings balance is 296*9 - 295*3 = 1*6 ft. Perhaps the 
best method of distributing it is by Bowditch's method, already 
referred to (in its graphical form) in Vol. I. Put into mathe- 
matical form, it becomes — 


Correction to any diff. of lat. 

, length of side considered 

= total error in lat. x — ^ . n *.u — 

sum of all the sides 

321*0 

Thus the correction to the first lat. diff. is 1*6 X ^259^' 

and so on. This is only required to one decimal place, and 
may be guessed nearly enough. The results are added to 
soidhings (in this case, as southings are too small), and sub- 
tracted from northings. They are entered, with the proper 
signs, in the correction columns. 

Finally, co-ordinates are chosen for A, say 100 N. and 
100 E., so as just to leave room for any detail at the bottom 
and left of the sheet. The calculation of the remaining 
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co-ordinates is shown below, using the corrected difterences of 
latitude and departures. 




N. 


E. 

A 


100 


100 

AB 


0-4 

-f- 

320-9 

B 


99*6 


420-9 

BC 

4- 

203-5 

-I- 

80-1 

C 


303*1 


501-0 

CD 

— 

60-3 

— 

259-8 

D 


236-8 


241-2 

DE 

+ 

92-8 


194-9 

E 


3296 


46-3 

EA 


229-6 


537 

A 


lOO'O 


lOO-O, 


The paper can then be ruled off in squares, each represent- 
ing say 100 ft., numbered both ways from zero in the bottom 
lelt-hand corner, and the points plotted from the co-ordinates, 
ilie student should work through the whole example. 

Ine drawing is checked by measuring the lengths of the 


Traverse Based on Triangulation. 

\\^ere a traverse joins two triangulation stations, instead 
01 Deing an independent survey, certain modifications are 
necessary. Thus if X (Fig. 30) be the starting (triangulation) 
station, we should read the included angle YXA. between 
a riangulation line XY and the first traverse line, XA, to 
urt with. Then in calculating bearings we must start with 
the known bearing of YX (not XY) from the triangulation, 

**®st of the bearings as above. 

lo check the angles, when we arrive at the terminal tri- 
anpiation station Z, we observe the angle BZW between the 

^ triangulation line ZW. 

Hence we can find the bearing of ZW as given from the 
raverse. This must agree with its known bearing from the 
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triangulation, and if it does not do so exactly, any small error 
is distributed over the different angles to make the result 
come right. 

Then we must not assume any co-ordinates. The co- 
ordinates of X will be known from the triangulation survey, 
and we must start mth those. The northings and southings 


will no longer be equal, but 
the sum of the northings 
from X to Z minus the 
sum of the southings, must 
clearly agree w'ith the result 
obtained by subtracting the 
north co-ordinate of X from 
that of Z. Similarly the 


/y 




difference between total eastings and westings must be equal 
to the difference between the east co-ordinates of X and Z. 

Small errors are distributed as before, and intermediate 
co-ordinates can then be found. 

Calculating Co-ordinates for a Triangulation. 

We have stated in Vol. I the method of measuring the 
angles in a small triangulation survey. Bigger ones are mea- 
sured on the same principle, but with more care. We have 
also stated that the measured angles are subjected to certain 
tests, and adjusted mathematically to make them satisfy 
these tests. 

Then a base line (say YU, Fig. 31) is very accurately 
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measured, and all the remaining sides are calculated trom 
tnis, using the corrected angles. 

For small triangulation, with sides not exceeding a mile or 

so, this may be done by the usual formulae for plane triangles 
namely — ® ' 

« _ 6 c 

sin A sin B sin C 

where a, b, c are the sides of the triangle, and A, B, C, the 
angles opposite to them. The calculation is done systematic- 
alljL In the case shown, we should start from the base YU 
and work through the triangles YUS, SUT, TUIV, WUV. 
and VUY, back to the same starting point. The final value 

original, checking the calculations. 

Ihe azimuth say of a line VU near the centre can then be 
lound astronomically, and if the survey is only a small one 
{so that we can assume a plane surface for the earth) ordinary 
rectangular co-ordinates will suffice, instead of choosing any 
particular map projection. Hence we choose any circuit 

coming back to it, for example 
1 SYXZW We take the known azimuth of VU as the 
first bearing, and, knowing all sides and angles, we can cal- 
culate bearings, co-ordinates, etc., as in a closed traverse, 
except that here there can be no corrections. Any closing 

errors indicate mistakes in the calculation, which must be 
located and put right. 

The bearings of the lines and co-ordinates of the stations 
are then used for checking details as described above. 

For bigger triangulations, the principle is much the same, 
but modifications become necessary to allow for the shape of 
the earth. Full consideration of these is out of the question 
here, but we shall refer shortly to some of them. 

Convergence of Meridians. 

One modification, for instance, becomes necessary in con- 
sequence of the convergence of the meridians. We have 
assumed above that the direction of the north and south line 
remains parallel to itself, and that, in consequence, the back 
bearing of any line differs by 180® from its forward bearing. 

Now, in reality, if AP (Fig. 32) be the meridian at A, and 
AB a. straight line from A, then the meridian (or north and 
5— (1243A) 
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south line) at B is in the direction BP, and is not, in general, 
parallel to AP, and the back bearing therefore does not differ 
from the forward by i8o°. 

Thus if we were to measure the true bearing or azimuth of 
AB d.t A (namely, the angle PAB), and from this and the 
included angle ABC (measured at B) we were to calculate the 
bearing of a line BC by our rules, this would not agree with 

the true bearing or azimuth 
P oi BC as measured at B 



Fig. 32 


(namely, the angle PBC). 

If we take BN parallel to 
AP, the angle calculated 
would be NBC, and the 
angle NBP shows the dis- 
crepancy. It is the angle 
through which the meridian 
has turned in moving from 
A to B. 

The matter is further com- 
plicated, however, by the 
fact that is an arc of a 
great circle, and not a true 
straight line. The direction 
of the line AB, as read from 
A, is that of the tangent 
AM, while the direction of BA, as read from B, is given by 
the tangent BM. 

Hence in calculating convergence, we must take the change 
in direction of the line into account, as well as the angle PBN , 
and the definition of convergence is arrived at as foUows : 
Measiure the azimuth of AB at A , namely, PAB. To this add 
180° (or subtract it, as the case may require) . The resiilt would 
give the bearing of BA at B, if there were no convergence. 
Now find the true azimuth of BA at B, and the difference is 
called the convergence of the meridians between A and B. 

It is best calculated by spherical trigonometry, and, for 
those who are familiar with this branch of mathematics, a 
proof of the formula is given later (Chapter VI). The formula, 

however, is ^ = 6 sin 

where x is the required convergence, and 0 the difference of 
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lonptude between ^ and B (both in the same units), and A 
IS the mean latitude of A and B. ^ ^ 

is latitude and longitude 

of tl^c t f ‘ n“u longitudes, and azimuths by the aid 
of this formula will be found in Chapter V. No. 4. 


Levels in Triangulation. 

If the mean surface of the earth were a flat plane, it would 
e a simple matter to find the difference of level between two 



triangulation stations, D and A (Fig. 33), by observing the 
vertical angles as well as the hori^ntal ® 

^"Sle of elevation observed from the 

theodolite at D to the signal at ^ . 

~ of theodolite, AB = height of signal 

as alread^descnSr'" ‘riangulation; 

Then rise D to A = MA 

= HB + MH -AB 
= CH X tan HCB + MH - AB. 

Or, put into words. 

Rise = distance x tan angle of elevation 
+ ht. of theodolite - ht. of signal. 

simX’ri)'® flat of course. Hence this 

1 mfle oalculation will not suffice for long distances, say over 
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Suppose the dotted line (Fig. 34) represents mean sea-level, 
and CN a surface parallel to it. This is called a level surface 
on the earth, and the rise from C to is really represented 
by NB, not HB. Here CH is the horizon at C, from which the 
angle is measured. Now if we say that BH = CH tan BCH, 
we are assuming that the vertical at B is perpendicular to the 
horizon at C. But the figure shows that this is not so. For 
distances not exceeding a mile, however, the angle CHB will 
lie between 90° and 90° i', and if HB be calculated exactly 

it differs little from CH tan BCH. Even 
for a distance of 5 miles and angles of 
5°, 10°, and 15° the error is about i part 
in 10,000, 5,000 and 3,000 respectively ; 
in round numbers. Even the last figure 
is only equivalent to an error of about 
15 sec. in the angle, or about 2 ft. in the 
height of a mountain about 7,000 ft. high, 
so that, for most purposes, we can take 
it that BH = CH tan HCB, for dis- 
tances not more than a few miles. 

We have still to find HN, however. 
This is called the curvature correction. 
If we assume that CN is a circular arc, 
we can find HN by a well-known pro- 
position in Euclid, whereby 



HC^ = HN (HN -|- 2 NO) = HN x 2 NO very nearly, as 


HN is small. 
Hence HN = 


HC^ _ (distance)’^ 

2 NO earth's diameter* 


For a distance of i mile, this works out to about 8 in. ; for 
other distances it is proportional to distance squared. Thus 
at J mile it would be 8 in. x (J)- = 2 in. At 5 miles it would 
be 16 ft., and so on. 

For exact work the matter is further complicated by the 
fact that the rays of light do not travel in straight lines, but 
undergo refraction as already explained (p. 14). The amount 
of this refraction effect is very variable, so that atmosphenc 
conditions must be favourable for a reliable result. But as a 
rough mean, it is usual to take it at about one seventh of the 
curvature effect, but in the opposite direction. 
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True rise C to B = NB ^ BH + curvature. 

Thus curvature is plus in calculating a rise. 

Refraction makes the angle of elevation (as a rule) appear 

corrfrt-^^’ high a value for BH, and^the 

correction is fmniis. Altogether, then, 

Rise = dist. x tan angle of elevation + curvature 
- refraction + ht. of theodolite - ht. of signal. 

f the first term will 

pefmntis. the final result 
if plus indicates a rise, if 
minus a fall. 

For a worked example, 
see Chapter V. 

We may deal with this 

calculation in another 

way. 

In Fig. 35, suppose the 

circle represents the level 

surface (parallel to mean 

sea-level), through C, and 

that we have observed the 

angle of elevation, HCB 
to B. 

In these figures, both 
the height of B and the 
distance CH are, of course, 
enormously exaggerated 
compared with the earth’s 
radius. 

Now join CN. 

As we have seen, NB is 
the true rise from C to B, 
and as CA^ is even more 

mt Fn^^oncb. 

hori^Tn/ri case CN is practically equal to the 

between A and B, hence if we can find the 
angle NCB, we can find NB at once. 

befw.l NCH is the angle 

a angent CH , and a chord CN , and is therefore equal 



Fig 35 
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to half the angle CON subtended at the earth’s centre by the 
chord, that is by the line CN. 

Again, if the earth be regarded as a sphere of radius R, its 
circumference = 277 - 7 ?, and the length of arc which subtends 

an angle of one second at the centre is 7 7-. 

^ 360 X 60 X 60 

With the general mean radius on page 49, this works out 
to about 101*3, which figure may be slightly modified by the 
actual shape of the earth. 

Hence if we divide the horizontal distance CN (which is 
known from the triangulation) by this figure, we shall obtain 
the angle CON , and half this gives the angle HCN to be added 
to the angle of elevation, HCB. 

In consequence of the curved path of the light rays from 
B to C, the angle of elevation is actually observed as B^CH, 
where B^CB is the error due to refraction. 

The mean effect of this, as has been stated, is roughly one- 
seventh of the curvature, and this may also be applied as a 
correction to the angle, and is clearly a niimts correction. 

Hence, altogether — 

(1) Observe the angle of elevation or depression. Call it 
plus if elevation, minus if depression. 

(2) Divide the horizontal distance in feet by the arc of i sec., 

which is about 101*3 result as the curva- 

ture correction in seconds. Call this plus. 

(3) Take one-seventh of the last result for refraction, and 

call it minus. 

Add (i), (2) and (3) algebraically. The result if plus will 
indicate a rise, and if minus a fall, and if A be the sum, the 
rise or fall will be distance x tan A . 

Resection in Triangulation. 

Many interesting problems arise in the course of surv’eys 
involving triangulations. Amongst these is the problem of 
fixing a station by observations from it to three known tri- 
angulation stations. 

This has been referred to in Vol. I, in connection with the 
plane-table and in hydrographic surveys, under the head of 
resection. We shall therefore proceed to show how the same 
problem is solved in triangulation. 
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^ three triangulation stations in the 

held, say 2 to 5 miles apart. There may be little or no detail 
to show in their immediate vicinity, but about a mile or two 
away there may be some important detail which could well 
be surveyed, say by a traverse starting at a station X. The 
latter must, of course, be connected with the triangulation. 
y\e could do this by starting, say, from B, and surveying over 
the mile or more of interx^ening space. But it is clearly 
quicker (and in most 
cases more accurate) 
to avoid this, and 
(having chosen X so 
that A, B, C are all 
visible from it) to fix its 
position by resection. 

The problem is, 
then, that the lengths 
and bearings of AB, 

BC, the angle ABC, 
and the co-ordinates 
oi A, B and C, are 
all known from the 
triangulation. We 
require to find the 

co-ordinates of X. Fig. 36 

Set up the theodolite 

and A", and read the angles BA'C, which we have marked 

6 and ^ respectively. If XY and XZ are lines of the required 
traverse, read at the same time the angles YXZ and CXY. 

Now the angles BAX and XCB, which we have marked 
a and are unknown, but in the triangle ABX we have 

AB sin 0 

M: ” ihTS • • ■ ■ (I) 



and in the triangle CBX, 


BX sin p 

.... 

Now by multiplying these equations together, we obtain 

AB _ sin p sin 6 
CB ~ sin a ’ sin ^ 
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Here AB, CB, 0, and ^ are all known ; hence we rearrange 
the equation to put these known quantities on one side, 
keeping the unknowns, a and /5, on the other side. 

sin ^ _ AB sin <(> 

sin a CB * sin 6 


The value of the right-hand expression can be computed, 
as all the quantities are known ; call it k. 

Hence = k, where k is knowm . . • (3) 

sin a 

Next we shall show that the sum of a -j- is known though 
we do not know the separate values. 

Now ^ ^ -f CBX = i8o° 

and a -f- 0 + XBA = i8o°. 

+ + CBX -b XBA = 360°. 

But CBX + XBA = CBA, the angle between CB and BA, 
as measured on the side facing X. This is known from the 
triangulation. 

Hence a ^ — 360° - CBA ~ (0 -\- <l>) 

^ A, say, where A is known, as all the quan- 
tities on the right are known. 

Hence we know the sum a + i?, and the ratio Many 

sin p 

methods of finding a and ^ from these have been evolved, but 
the following will suffice. 

We have ^ = A - a; sin /S — sin ^4 cos a - sin a cos A. 
Substitute in equation No. 3. 

Sin A cos a - sin a cos A 


sin a 

or cot a sin A - cos A = k. 


« • 


Cot a = 


k + cos A 
Sin A 


= k cosec A + cot A . 


Hence a can be found, and therefore 
Now knowing a and B, and AB, we can solve the triangle 
ABX to find AX. Knowing the bearing of BA , and the angle 
a, we can find the bearing of AX by our usual rules, and 
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the co-ordinates of A and the bearing and 

length oiAX. \ve can find co-ordinates for X. as in traversing. 

of this calculation should be repeated in the 

nangle XBC, to find the co-ordinates of X from those of C 
as a check. 

and the angle CXY, we 
can find the bearing of the first traverse line ZY, and proceed 
to make, say, a closed traverse round the detail. 

For the dimensions assumed we can neglect the earth’s 

curvature. Indeed it is seldom necessary to consider this in 
connection with this problem. 

We have shown in Vol. I that the method fails if Z lies on 

the circumference of the circle through ABC : if it lies 7tear 

nis circumference, the method becomes inexact. Hence care 

must be taken to choose stations for the observation which 
are clearly not concyclic with A'^. 



CHAPTER IV 

PHOTOGRAPHIC SURVEYING 


Ground Photography. 

Photography is now so much used in surveying that it is 
impossible to conclude this section without some reference to 
its application for this purpose. 

Photographic surveying must be considered from two 
different points of view. That is, the photographs may be 
taken either with cameras fixed on ordinary stands on the 
ground, or they may be taken from aeroplanes, or other 
aircraft. 

We shall consider, firstly, ground photographs, which are 
usually taken with an instrument called a photo-theodolite. 

Photo -theodolite . 

This (in one form) is shown in Fig. 37, and consists essen- 
tially of a camera on an ordinary theodolite mounting, so that, 
by reading the horizontal circle, we can tell the direction in 
which the axis of the camera is pointing. The camera also 
contains the following special features, all of which can be 
brought into contact with the plate before exposure, so that 

they come out on the photographs — 

(1) Vertical and horizontal hairs, the intersection of which 

lies on the axis of the camera. 

(2) Small changeable celluloid plates, on which we can write 

identification numbers, etc. 

(3) A celluloid graduated circle attached to a compass, 
so that the magnetic bearing of the camera axis is auto- 
matically printed, and serves as a check on the horizontal 

The camera box is fitted with levels, so that the axis can 
be brought truly horizontal. 

The focal length (that is to say, the perpendicular dis- 
tance of the centre of the lens from the photographic plate 
during exposure) is known, the value being supplied by the 

makers. 


74 



PHOTOGRAPHIC SURVEYING 


75 




76 MATHEMATICAL GEOGRAPHY 

Method of Work. 

To carry out a survey by this method, a base line AB is 
chosen (so as to overlook the ground to be surveyed) and 
measured. The instrument is set up at ^ 4 , directed along the 
base line, and the horizontal circle is read. The camera is then 
turned to such a direction that a photograph taken in that 
position will show as many as possible of the points to be 
mapped. Another reading of the horizontal circle will give 
the horizontal angle (say 0) from the base line. 

The photo is then taken. Referring to Fig. 38, suppose 


a 


\U 

V~ 


K 

1 

1 

m 

X i 




n 

c 



V 


Fig. 38 


xy, uv, are the horizontal and vertical hairs, and a, b, c are 
the photographs of three points to be plotted. 

It will be clear that we can measure from the negative the 
distances ak, hm, and cn of these points from the vertical hair. 

Now in Fig. 39. let AB be the base line, plotted to scale on 
the paper. Set off the measured angle d between it and the 
camera axis, and draw the line OAO-^, representing the axis. 
Suppose that along this line we set off OA to represent the 
known focal length [full size) and draw Oa perpendicum to 
OA. Then Oa will represent the plate, and we can set oft 
= ak (Fig. 38), Oh = bni, and so on (also full size). The point 
A represents the centre of the lens (through which ® 
light travel in straight lines), so we join aA, hA, cA, ana 
produce as shown. Then the plans of a, b, c must he some 
where on these lines, respectively. 
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Uhl another photograph be taken from B 

lv.,r‘Kf in the same way. we 

“^n P°‘"t ™"st lie, and their 

intersection will fix the point. 

A large number of points may be fixed in this way from a 
lew photographs. 

Actually, instead of setting off the focal length AO behind 


/ 



the station as shown at .<40 (which is its actual position in the 
neld) we set it off forwards as shown at AO^, and reverse the 

shown at 0-^a^, Ofby. This means 
nat these distances are set off on the same side as they appear 
in the photograph. 

Theoretically, the two methods come to the same thing ; 
ut practically it means that lines have not to be produced so 
ar, and we have shown in Vol. I that it is inaccurate to 
produce short lines for long distances. 

Levels. 

Besides the plans, however, we can find the levels of the 

points. 
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The horizontal hair (xy, Fig. 38) is at the same level as the 
centre of the lens. It follows that all points whose photo- 
graphs are on xy will lie on a contour line at the same level 
as the camera ; all points (like a, b, Fig. 38) which lie above the 
hair will be higher than the camera, and those below it will 
be lower. 

Now suppose we measure the height al (Fig. 38) of the point 
a above the hair, and let a (Fig. 40) be the final plan of that 
point, as fixed from A and B. 

Aui gives the horizontal distance inside the camera, from 
the lens to the image oi a \ al tells how much the ray of light 



rises in that distance ; Aa, measured to scale in feet, tells the 
actual distance in feet from the lens to the point on the field. 
Hence, if h be the height of the point above camera level, it is 
clear that the ray of light rises a height h in the distance Aa ; 

hence by proportion ~ = 4 ^. Here Aais measured in feet 

Aa Aa^ 

to scale ; la and Aa^ are full size in any convenient unit 
(e.g. both in centimetres) and the result, h, is in feet. If we 
add the height of the camera, we shall obtain the height of the 
point above the station A . 

Limitations. 

This method is exceedingly quick, so far as fieldwork goes, 
on suitable ground. But generally vegetation, buildings, un- 
dulating ground, and other obstructions intervene, making 
it almost impossible to find stations from which all the points 
required can be seen or photographed. This seriously limits 
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the application of the method, and has led largely to the 
development of surve3’ing by aerial photography. ® ^ 

Aerial Photographs. 

thfse from the air. it is obvious that 

hese obstructions become less important, and far more 

ground can be covered clearly in one exposure 
Air phot^o^aphs are of two kinds, (i) oblique, (2) vertical 

moJe r ‘he axis of the camera 

fxact ■■ stab^T ‘'"PTa"‘ differences. For instance the 
exact station from which the photograph was taken is 

itsMwt'dS horizontal, but 

inese difficulties can be overcome by surveying a limited 
shaTl sbo"' "’^‘hods, so'Ihat ea'c^^hotoTra^ 

SSpS S', h“ fell”"”” p‘“ “ 

SmeTv£ic“ 

lev^l°nlil, "^*** f ^ clear that if a piece of ground is a perfectly 

a niefi '^® photograph it from the air on to 

p ate which is also truly horizontal, and therefore parallel 

If f °""d, the negative will give us an exact plan or map 

focal le^n'^InT a n *®^‘® depending on the ratio of the 

abovi th® ^ 4 ^) f° fhe height {AN) of the aeroplane 

above the ground. Thus, in Fig. 41, ^ 

be _ AO 
BE ~ AN 

hiph Tlf ^^''® ^‘^^n'era with a focal length of 8 in. How 
to I i^lf? ™^^hine fly, in order to give a scale of 6 in. 

W?re5u?re Ja; BE = i mile, be is to be 6 in. 

Clearly 0 

BE eb 

X I mile = ij miles. Actually they might be 
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taken from a greater height (and subsequently enlarged) for 
cheapness. 

If the earth were a perfectly flat level plain, it is clear that 
a sufficient number of such photographs joined together would 
give at once a complete map of the desired scale ; and all 
points would be visible unless they were actually under some 
other object, such as a tree. 

Fortunately, or unfortunately, the earth is not a plane level 

surface, and this somewhat 
complicates the matter. 

Moreover, no means 
have yet been devised 
whereby the axis of the 
camera may be kept ex- 
actly vertical on a rapidly 
moving aeroplane ; nor is 
it possible to say with cer- 
tainty that the machine is 
exactly at the right height. 

To overcome completely 
variations in the ground 
level, each point must be 
shown on at least two 
photographs ; and to over- 
come variations in the 
f'JG. 4* direction of camera and 

height of plane, and to fix 
the exact position from which the photograph was taken, we 
must resort, as before, to methods of ground surveying to 
fix a limited number of points, some of which are shown on 
each photograph. 

As before, these enable us to replace the plate in its proper 
position with respect to the plan, and the photographs can be 
rectified accordingly. 

A general level is chosen for the plane of the plan. By 
having each pointer on two photographs, if the rays to a 
point, as found from the two images, meet below the plan level, 
we know that the point is below the chosen level, and vice 

versa. 

A full account of the appliances for carrying out this rec- 
tification is beyond the scope of this book. For that, together 




and of its applica- 
ses, tlie student is 



Fig. 42 

referred to Aerial Photography, by Winchester and Wills 
(Chapman and Hall). 

The writers are indebted to the publishers of this book for 
ine use of the diagram in Fig. 42. to show the method of taking 

It will be seen that consi- 
a e overlap is allowed, not only to obtain points on two 

p o ographs, but also to ensure that the whole area is covered, 
s I IS impossible to fly in a perfectly prearranged straight line. 

^’-(1243A) 


CHAPTER V 


WORKED EXAMPLES 

We shall conclude this section with a few worked examples. 

(i) The co-ordinates of two trian- 
gulation stations, A, B, are given in 
the table, and also the lengths and 
bearings of three traverse lines, AK, 

KL, LB, connecting them. 

Calculate the corrected co-ordin- 
ates of K and L. 

Reduced bearings : 

AK = 30° 47' S.W. 

KL = 49° 6' S.E. 
lb = 13" 36' S.W 

Difference of latitude and departure for AK — 

log cos 30° 47' = 9*934048 log sin = 9*709094 
log 852*7 = 2*930796 2*930796 

2*864844 2*639890 

% 

Diff. of lat. = 732*6 S., departure = 436*4, W. 
Similarly for KL 462*4, S., and 533*8. E. 

and for LB 1182*1, S., „ 285*9, ^'* 

Totals from to 2377*1,8., ,, 188*5, W. 

Note that to find the total departure we take the difference 
between the easts and wests. The result is west because the 
wests are more than the easts. 

Now taking the difference between the original co-ordinates 
of and B, we have 


N. 

E. 

A = 6io8*2 

2i68*o 

B = 3734-6 

1982*7 

23736 

185-3 


Pt. 

Co-ordinates 

N. 

E. 

A 

B 

6io8*2 

3734 *^ 

2i68*o 

1982*7 

Line 

Bearing 

Length 

AK 

KL 

LB 

0 f 

210 47 
130 54 

193 36 

852*7 

706*2 

1216*0 
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The results from the traverse must agree with these. We 

see that the southings from the traverse are 2377*i instead 

of 2373*6, or too much by 3-5 ft. ; and similarly the departures 
by the traverse are too great by 3-2 ft. 

The sum of the lengths in the tabie is 2774-9. Hence, by 
Bowditch s rule, the correction to difference of latitude for 

AK is 3-5 X say i-i. 

Similarly for KL it is 3-5 x , say 0-9 

and for LB 3.5 x — , say 1-5. 

2775 

The student must not waste time at examinations working 
these out with meticulous care. One says that 853 is rather less 
than one-third of 2,775, so takes i-i for the first, and so on. The 
last one must have such a value as to make the total right and 

comes about right by the above rough rule. 
All these corrections are to be subtracted, as the southings 
trom the traverse were too big. 

Similarly the corrections in departure are 

For AK, 3*2 x 


9% 


2775 

706 


say i-o 


>1 


3-2 X say 0-8. 

LB, 3*2 X say 1-4. 

2775 ^ 


Total 3-2. 


decrease the westing and increase the easting, 

the total westing. Thus the corrected diffet 
ences of latitude and departure are 


Line 

Latitude 

Departure 

AK 

KL 

LB 

732-6 - I-I 
462-4 - 0-9 

1182-1 - 1*5 

436-4 - i-o 

533-8 4- 0-8 

285-9 - 1-4 
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N. E. 

Co-ordinates: ^,6108-2 2168*0 

731-5. S. 435-4 . W. 

K . 5376-7 1732-6 

461-5,5. 534-6 E. 

L, 4915*2 2267*2 

ii8o'6, S. 284*5, W. 

3734*6 1982*7, which checks. 


(2) The top, C, of a mountain is observed with a theodolite 
from two triangulation stations, A and B, the horizontal 
distance AB being 26,400 ft., A being 7,580 ft. above sea- 
level. The observed horizontal angles are CAB = 84° 16', 
ABC = 81° 26'. From A, the elevation to the top of the 
mountain is found to be 5° 54' face right, 5° 56' face left. 
Calculate (a) the horizontal distances AC, BC, and (6) the 
height of C above sea-level. Assume that one second of arc 
on the earth = 102 ft. 

Here CAB = 84° 16' 

ABC = 81^26' 


BCA 


165° 40' 

14° 20', neglecting spherical excess 
180° o' 


Sin 81° 26' ^ ^ Sin 84° 16' 

AC = 26400 X 5 — BC = 26400 X §-^ 715 ^ 


Log 26400 = 4*421604 

„ sin 14° 20' = 9*383685 

5*037919 5*0379^9 

„ sin 81° 26' = 9*995127 Log sin 84° 16' = 9*997822 

5*033046 5*03574^ 



BC = 108,578 ft. 
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The mean angle of elevation, AC, is 5° 55'. 

{a) Without correcting the angle, 

Calculated rise = 26400 x tan 5° 55' = 2,736 ft. 
the distance is exactly 5 miles. 

Hence cur\^ature correction (approx.) = 8 x 25 in 


Refraction correction, Jth of this 


= 167 ft., plus 
= 2*4 ,, 7ninus. 


Hence the corrected rise is 2,750 ft. 

V. ^ includes the 

height of the theodolite, and that the ground at C is observed. 

Hence level of C — 7580 + 2750 = 10.330 ft. 

(6) If we correct the angle, we have to find the angle at the 
earth s centre for the distance 26,400 ft. 

U X = No. of seconds, we have 
26,400 


X = 


102 


, as 102 ft. subtend one second. 


^ — 259" nearly, J = 129" = curvature correction, 
less one-seventh = 18" = refraction 


in" = correction to be added. 
Observed angle = 5° 55' 


■f 51^ 

Corrected angle = 5° 56' 51". 

Rise = 26,400 X tan 5° 56' 51". 

= 2,750 ft., as before, to the nearest foot. 


(3) the latitudes of two stations are found to be 40° 57' N. 

^^^P^'^tively, while the meridian distance 

find the average radius of curva- 
ture of the mendian between those latitudes. 

length of one degree of parallel in lat. 50° N. is 
found to be 235.220 ft., find the radius of the parallel (to the 

®^^th regarded as 

spl^ncal (London University, Cartography, 1927). 

Difference of latitude = 51° 13' - 49° 5/ = 1^ 16'. 
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This is the angle subtended, at the centre of curvature, by 
an arc or distance of 462,000 ft. 

Hence if R be the radius of curvature in feet, we have 
1° 16' _ 462,000 

180° 7 tR 



180 X 462,000, whence R = 


60 X 180 X 462,000 
TT X 76 


The solution by logarithms is appen- 
ded. With fractions having more than 
one term in the denominator, always 
begin with the denominator. Add the 
logarithms of its factors, and subtract 
the result from zero. This is called the 
colog. Then add the logarithms of the 
factors of the numerator, and tabulate 
the whole as shown. 

Hence R = 20.898,000 ft. 

If one degree of parallel in 50° N. = 
235,220 ft., and radius of parallel = r, 


No. 

Log. 


•4971499 

76 

1*8808136 

1 

1 

2-3779635 

Colog 

3-6220365 

60 

1-7781513 

180 

2*2552725 

462,000 

5-6646420 


7-3201023 




27 rr = 360 X 235,220 


• • 


r 


360 X 235,220 

277 


13.477.000 ft. 


And if p = radius of earth, regarded as spherical, 

= p cos 50°, 

hence p = r sec. 50° = 20,918,000 ft. 

(4) Referring back to Fig. 32, page 66, suppose the latitude 
and longitude of a triangulation station A have been observed 
as 54° 21' 15" N. and 2° 21' 14" W. respectively, and the 
azimuth and length of AB as 68° 27' 20" east of ^ortlL ^ 
48,762 ft. respectively. Also the clockwise angle ABC has 

been observed as 204° 27' 18''. ^ . 

Find the latitude and longitude of B, and the azimuth 01 

BC, assuming the formula for convergence on page 66. 

The first step is to find the " difference of latitude ana 

departure by the ordinary traverse rules — 

Diff. of lat. = 48,762 cos 68° 27' 20" = 17.907 
Departure = 48,762 sin 68° 2/ 20'' = 45*355 
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To continue the calculation conveniently, more extended 
tables of the lengths of arcs of meridian and parallel are 
required than those given in Chapter IX. Such tables will 
be found in Topographical Surveying, by Col. Close, and else- 
where, and from them we extract the following information — 


Latitude 

1 

One Second of 

% 

[ One Second of 

Meridian 

Parallel 

54 '' 20' 

1 

1 

101*4461 

59.2874 

25' 

101-4476 

59*1675 


These figures give the lengths in feet of one second of meri- 
dian and parallel respectively, at the latitudes stated. 

From A to B it is clear that we go north about 18,000 ft. from 
the calculated difference of latitude, and this will correspond 

•ji 1 . 18,000 

With about — seconds, or about 177 seconds, say 2' 57", 

Hence the latitude of B will be about 54° 21' 15" + 2' 57", 
and the mean latitude will be, nearly enough, 21' is" 
+ I' 30 \ or 22' 45". 

Next we find the approximate difference of longitude. By 
interpolation, we find that at latitude 54° 22' 45", the length 
of one second of parallel is 59*2214 ft. 

Hence the approximate difference of longitude in seconds 

^parture 45,355 . 

length of one second 59-2214 “759 secon s. 

Hence the convergence x = 765*9 x sin 54® 22' 45" 

= 622*6 seconds, say 10' 23'. 

This enables us to find the azimuth of BC at once. 


Bearing oi AB 
Included angle ABC 


0 

/ 

# 

= 68 

27 

20 

= 204 

27 

18 

272 

54 

38 

180 

0 

0 

= 92 

54 

38 


10 

23 


Bearing of BC 
Convergence 

Azimuth of BQ 


93 5 I 
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Convergence always increases the azimnth if we go east, but 
decreases it if we go uxst. 

To find the latitude and longitude of B more exactly, we 
now recalculate difference of latitude and departure, but 
using the mean azimuth of AB, namely 68° 27' 20" -f- 5' 
or 68° 32'3i\ 

Diff. of lat. =: 48,762 cos 68° 32' 31" -- 17-838 ft. 

Departure = 48,762 sin 68° 32' 31" = 45-382 ft. 

At the mean latitude, the lengths of one degree of meridian 
and parallel are, by interpolation, 

101-4469 and 59*2214 ft. respectively. 

Hence the true differences of latitude and longitude in seconds 
respectively are 17,838 -f- 101*4469 = I75*8» and 45,382 
4- 59-2214 = 766-3. These are north and east, respectively. 

Hence we have — 

O / ^ 

Latitude of A = 54 21 15 N. Longitude 

Correction + 2 56 

Latitude of B = 54 24 ii N. Longitude 

These results are to the nearest second. If a more exact 
result is required, the convergence may be recalculated from 
the new difference of longitude, and the whole repeated. 

It is clear that the known data at B are now the same as 
we had at A, and we can carry the calculation on to other 
stations as required. 


O f ^ 

= 2 21 14 W. 
12 46 

= 2 8 28 W. 



CHAPTER VT 

RIGHT-ANGLED SPHERICAL TRIANGLES 

In Vol. I of this book we were able to draw all the projections 

dealt with by calculating distances along the meridians of 

longitude and parallels of latitude on the earth, assumed 

exactly spherical. There are, however, important projections 

in which it is necessary to calculate distances on the earth in 

other directions, and for this it is necessary to know a little 

spherical trigonometry. A slight acquaintance with this sub- 

]ect also enables us to realize the effect of the spherical shape 

of the earth on ” Geodetic Surveying ” (i.e. the survey of large 

regions), and to solve some other interesting problems relevant 
to geography. 

Great and Small Circles. 

Any section of a sphere by a plane is a circle ; if the plane 
passes through the centre of the sphere the circle is called a 
great circle,” and its radius is that of the sphere. All others 
are called “small circles.” Thus meridians of longitude and 
the equator are great circles, while parallels of latitude are 
small circles. A great circle is the shortest distance between 
two points lying on it, and so corresponds to a straight line on 
a plane. When we move in a “ straight line ” on the earth's 
surface we are really moving along a great circle, but with this 
difference : on a plane the direction of a straight line is always 
the same, but on a sphere the direction (or “ azimuth ”) of a 
^^t circle is constantly changing unless it is a meridian 
(when the direction is north or south) or the equator (when 
he direction is east or west). At all other latitudes it is 
impossible to move east or west in a “ straight line ” for any 
great distance, as the parallels of latitude are small circles and, 
therefore, appear to us as curves, not straight lines. 

Spherical Triangles. 

A spherical triangle is the figure formed on the surface of 
a sphere by arcs of three great circles, which are called its 

89 
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“ sides." The lengths of the sides are proportional to the 
angles they subtend at the centre of the sphere, as the length 
of a side = radius of sphere x circular measure of the angle 
subtended at the centre. As the radius of the sphere is con- 
stant we can measure any side by the angle it subtends at the 
centre of the sphere. The three “ angles " of the triangle are 
the angles contained by the tangents to the sides of the 
triangle at the intersections of the great circles, i.e. the angles 
between the planes of the great circles. The formulae in 
spherical trigonometry are thus all relations between these 
latter “ angles " and the former angles which are the measures 
of the " sides." 


Spherical Excess. 

The great difference between plane and spherical trigono- 
metry is that in the former the sum of the three angles is 
always two right angles, or i8o° or tt radians : in the latter 
it is always greater than i8o° by an amount called the " spheri- 


area of triangle 


in cir- 


cal excess," which can be shown to be , r , 

(radius of sphere)-^ 

cular measure. For example, the triangle contained by the 

equator and the meridians of o'’ and qo'’ longitude obviously 

contains three right angles or the spherical excess is one right 

angle. 

This agrees with the above general rule according to 

, • 1 .V V 1 j 1. i area of sphere i ^ 

which the excess should be ^ ^ — rr = ■ ~ = :: 

(radius of sphere)^ 2 

= one right angle. As the earth is nearly a sphere of 3-957 

miles radius, and as one radian = 206,265", the spherical 

seconds = of triangle in sq. m to ^ 

( 3957 )- 

area in sq. miles • t , 1 • in 

= . The excess is clearly only important in 

large triangles, e.g. if the sides are each 100 miles long 
the area is 4,330 sq. miles, and the sum of the three angles 
will be 180° o' 57", but in a spherical triangle of any size 
we cannot, if we know two of its angles, find the third 
angle by merely deducting the sum of the two angles from 
180" 


excess m 
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Right-angled Triangles. 

It will be sufficient for the purposes of this volume to deal 
fully only with right-angled triangles, i.e. spherical triangles 
m which one of the angles is a right angle. A triangle may 
have two right angles, e.g. the triangle formed by the equator 
and any two meridians, in which case the remaining angle is 
equal to the side be- 
tween the two right 
angles and the other 
two sides each equal 
90°. As mentioned 
above, a triangle may 
have three right angles, 
in which case each of 
the sides is 90°. Let 
ABC (Fig. 43) be a 
spherical triangle, in 
which C is a right 
angle, and let 0 be the 
centre of the sphere. 

Join OA, OB, OC. Let us call the sides AB = c = /_AOB, 
BC = a = /_BOC, CA = 6 = I.COA From P any point in 
OA draw PQ x OC, draw QR x OB and join PR. By con- 
struction PQO, QRO are right angles and PQR is also a right 
angle for the planes i 40 C, COB are at right angles, and PQ 
is drawn x to their intersection OC — it is therefore X to the 
plane COB and, therefore, to all lines in it. Also OP- = PQ"^ 

-f- 0(32 = PQ2 4. QP2 4. QP2 _ ppz 4_ ORK X 1 _PR 0 is a 

right angle. In fact the “ tetrahedron ” OPQR is composed 
of four right-angled triangles. Also since PR is parallel to the 
tangent to side AB B, and QR is parallel to the side BC 
at B, the angle PRQ = angle B of the spherical triangle, 
while xPOP = c, lQOR = a, lPOQ = b. 



Then we have 


OR _ OR- OQ 
OP ~ Og • OP 


Also sin B = 


cosB = 


PQ _PQ- OP 
PR OP • PR 
Q R QR • OP 
PR OR -PR 


cos c = cos a, cos h 


sin B = • 


sin h 


cos B = 


sin c 
tan a 
tan c 


(1) 

(2) 

(3) 
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tan B = 


PQ 

QR 


PQ-OQ 

OQ’QR 


tan B — 


tan h 
sin a 



It is obvious that, starting from a point in OB instead of 
OA, we can prove formulae similar to formulae (2), (3) and (4) 
for angle A , which will be as follows 

sin a 
sin A = - — 
sin c 

■ (5) 

, tan b 

cos A = 

tan c 

• ■ (6) 

, , , tan a 

and tan A = — : 

sm b 

■ (7) 


Then from (4) and (7) — 


tan A , tan B — 


tan a 
sin b 


tan b I 

sin a cos a • cos b 


cos c = cot ^ • cot B 


I 

cos c 

. ( 8 ) 


and from (3) and (5) — 

cos B tan a sin c cos c 

- ___ • n 

sin A tan c sin a cos a 

cos 5 = sin ^ • cos 6 


and from (2) and (6) — 

cos A _ tan b sin c 
sin B tan c sin b 

cos A = sin B • cos a 


cos c 

r = cos a. 

cos b 




These ten formulae are all very simple and easy to use with 
tables of the logarithms of sines, cosines and tangents, but 
they are confusing to remember. There is, however, an easy 
way of writing down the appropriate formula when we are 
given any of two of the five parts (three sides and two angles, 
the right angle being ignored for this purpose), and wish to 
find any of the other three. This mnemonic is known as 
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" Napier’s Five-part Circle," as it was devised by John Napier 

of Murchiston (1550-1617), the inventor of logarithms, and 

IS as follows : Sketch a circle (Fig. 44) and divide it into 5 

parts (sectors) ; in these write down I'li order the two sides 

to the right angle C and the complements 
of the other three parts, i.e, 90° - B. 90° - c, 90“ - /. Then 

considering any part of the circle as a " middle part,” we have 



Fig. 44 


^0 parts “ adjacent " to it and two parts “ opposite ” to it. 
The rule now is — 


The sine of a middle part 

= product of tangents of adjacent parts 
= product of cosines of opposite parts. 

Notice that "sine ” and " middle," " tangents ” and "adja- 
cent, cosines" and "opposite " have in all cases similar 
vowels. As we can take any of the five parts as " middle part " 
and write down two formulae from it, we can write down ten 
fi^mulae which will be found to agree with those proved 
above, e.g. choosing go® - c as middle part, we have sin (go® - c) 
= tan (go® - A), tan (go® - B) = cos a • cos b, or, cos c 
== cot A* cot B — cos a • cos b as in formulae (8) and (i) 
above. The student should test the method to obtain the other 
eight formulae by taking in turn each of the other four parts 
as middle part and writing down the corresponding formulae. 
As illustrations of the application of these formulae to geo- 
graphical problems, we shall now give a few numerical 
examples. 
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Example 1. 

To find the distance of Bombay (i8° 55' N., 72° 54' E.) front 
London (51° 31' N., 0° 6 ' W.), and the direction of Bombay 
from London, taking the earth as a sphere of radius 3*957 
miles. This illustrates the general problem of finding the 



Fig. 45 


distance and azimuth of any point on the earth's surface from 
any other point. 

In Fig. 45 let L be London, B Bombay, and P the North 
Pole, then PLB is an oblique spherical triangle, of which the 
sides, PL = 90° - 51° 31' = 38° 29'. PB = 90° - 18° 55 
— 71° 5'. a-nd the angle P — 0° 6' + 72° 54' = 73 
known. If we imagine a great circle LN _L PB, we divide PLB 
into two right-angled spherical triangles, PLN and BLNt and 
we sketch the five-part circles for these. 

Then in triangle PLN we have sin 17° = tan PiV.tan 

51° 31 '- tan PN = , ■ log tan PN = 1-4659 
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- -0997 = 1-3662. PN = 13° 5'. BN = 71“ 5' - 13“ 5' 
= 58° o'. Also sin LN_= cos 17° • cos 51° 31'. log sin LN 
= 1-9806 -f 1-7939 = 1-7745. LN = 36“ 3oi'. Also sin 
5 i_ 31' = tan 17° - cot PIN. log tan PLN = 1-4853 

- 1-8936 = 1-5917. PLN = 21° 2oi'. 

Then in triangle BLN, sin (90° - LB) = cos BN - cos LN. 
cos LB = cos 58° 0' - cos 36° 30J'. 

Hence LB = 64° 47J' = 1-1308 in circular measure. the 
distance LB from London to Bombay = 1-1308 x 3,957 miles 
= 4,475 miles. 


Again, sin LN = tan (90° - BLN), tan BN. :. tan BLN 
tan 58° 0' 

^ iE 36° 30^ ' **• 

20J' 69° 36J' = 90° 56J' = azimuth of line LB at L 

= direction of Bombay from London. 

AlsosinBiV=tan(9o°-S). tanLAT. /. 

sin 58° 0' 

B - 41 ° f- 


London bears 41° 7' west of north from Bombay, or the 
“ reverse azimuth " of line LB = 318° 53'. 

With a greater knowledge of spherical trigonometry, the 
problem can be solved more directly, and in map projection 
tables of (angular) distance and azimuth can be used. 


Example 2. 

To find the latitude and longitude of intermediate points 
on the great circle from London to Bombay so as to enable the 
great circle to be plotted on a map on any projection. 

In Fig. 46 let LM, BN be the meridians of London and 
Bombay respectively, MN being the equator and let the great 
circle LB be produced to meet MN at A . Let X be any inter- 
mediate point between L and B, XY its meridian, <j> its latitude 
~ ^Y and x the distance of Y from A along the equator. 
Then LMA, BN A and XYA are all right-angled triangles, 
LM = 51° 31', bn = 18° 55', MN = 73° o’. 

The five-part circle for XYA will serve for the other two 
triangles, " mutatis mutandis.” Then sin * = 

tan A 
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c- i 1 ■ ^r A tan 51® 31 . < tan 18 55 

Similarly sin MA = — 7^, sin 

tan A tan A 


sin MA 
*• sin NA 


tan 51° 31' 

tan 18° 55' “ 3 - 67 I- 


Also MA — 73° + NA . sin MA = sin 73° cos NA + 
-{- cos 73° sin NA . 



Fig. 46 


= sin 73° cot NA + cos 73° = 3-671 (above), 
cot NA = 3 671 2924 ^ 7^ iVi 4 = 15° 43' 

•95^3 

longitude of ^4 = 72° 54' + 15° 48' = 88° 42' E. and 


MA = 88° 48'. 

Also tan A = ^0/ (above). /. A = 51° 31 J'- /. tan 

sin 88 48 

<f) ~ sin X ‘ tan A, log tan ^ = log sin x + *0998. 


We can now prepare a table showing the latitude at which 
each 10° meridian of longitude will be crossed. For the 10 
meridian x will be 78° 42', etc. 
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Longitude 


lo® E. 
20® E. 
30® E. 
40® E. 

60® E. 
70* E. 


78® 42' 
68® 42' 

58® 42' 

48® 42' 

38^42' 

28® 42' 
18® 42' 


log sin X 

log tan 

= 

^■9915 

0-0913 

50 

I -9693 

0-0691 

49 

1-9317 

1-8758 

0- 0315 

1- 9750 

47 

4 V 

T7960 

7-8958 

38' 

1-6814 

1-7812 

31' 

1-5060 

7-6058 

21"^ 


latitude 


59 ' N. 

"32'N. 
® 05' N. 
“23'N. 
ii'N. 
8' N. 
58' N. 


Mercator’s 

Projection and join them with a fair curve as an example of 

a great circle course for an airship. ^ 

Example 3. 

Convergence of Meridians in Surveying. This has already 
been referred to on page 65. If A and B (Fig. 47) are two 
pomts at the same latitude (ij,) and P is the pole, PA and PB 

^ ® 90° - <j>, and 

4rR K ~ longitude of B and A. Let 
- through A and B, which we call the 

straight Ime AB m surveying, while the curve AC'B is the 
parallel of latitude, <j>. Let the azimuth or bearing of line AB 
at A be a, and let its azimuth at B be a + a:. From symmetry 
we can see that a = aPAB = Z.PBA = 180“ - a - x. or 

a = 90° - f while aPBE = a + * = 90“ + ^. If the point 

C bisects AB and we draw the great circle PC, by symmetry 

APCA = zPCB = 90°, and Z,. 4 PC = Z.BPC = PCA 

is a right-angled spherical triangle. 

From the five-part circle we have sin ^ = tan ^90° - - 

tan ..tan -= tan --sin Now for such “straight 
lines as we can range in surveying, the difference of long- 
itude, 0, IS only a small angle, .-. ^ is small and so also will be 
Thus we can write the circular measure instead of the 
tangent and then write x and 6 in any units, e.g. seconds. 

7— (laOA) 
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X = 0 ' siti (j). It can be shown that if the line is in any 
direction so that A and B are not necessarily at the same 
latitude, the formula is still true for sucl^hort distances as 

we are considering if for <j> we substitute (j>, the average lati- 
tude of .'I and B, so that we have the simple formula— 

X = 0 ‘ sin (j>, or “ llie increase of azimuth along a straight line 



Fig. 47 


= difference of longitude of its ends X sine of average latitude 

of its ends” , inf 

For example, if a straight line i mile long has its ends at 

latitude 51° 30^ the difference of longitude of its ends wiU^oe 

5,280 length of i" longitude at latitude 51° 30' = 5^ 

= 8^-4". so the increase in azimuth will be 83*4'' X sin 5i 3^ 
= 83*4" X 7826 = 65*3" = i' 5 "; an amount which is quite 

appreciable even in such a short line. tUnHp 

We could use this formula to set out the parallel of latituoe. 

“^1° 30' on the earth's surface as for an international bounaa > , 

thus : At A find the latitude, 51° 30^ and the ^endian 

by astronomical observations, and from AP turn off an g 

^ _ go° - 32-6'', and range a line AB in this direction 
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for a length of 5,280 ft., then at B deflect through an angle 

^ = 65-3 to the left 90° + “ ~ - 2))’ 

another line BD of 5,280 ft., and so on — in fact we should be 
setting out a curve of very large radius in chords of i mile. 

Example 4- 

Latitude and Longitude from Survey Measurements as in a 
Tria7igulation. See Numerical Example, page 87. It would be 
very laborious to determine the latitude and longitude of every 
station in a triangulation by astronomical 
methods, but if we know them for one end, A , of 
a line AB (Fig. 48) we can deduce them for the 
other end B, knowing the length, 1 . of the line 
and its azimuth a at We first find the lati- 
tude and longitude of B to a first approxima- 
tion thus difference of latitude 
I cos a 

“ length of I" of latitude at A’ 

average latitude ^ is latitude of A 
Difference of longitude ^ 

I sin a 

length of i" of latitude at average latitude, ^ 

= 60 . Then, the increase of azimuth = x — 

60 • sin <f). Then we recalculate 6<t> and 60 , 
substituting for a the average value of the azimuth of the line 

AB, viz., ffl + -. and thus find the latitude and longitude of B 

to a second appro.ximation. and so on to any desired accuracy. 
This method also enables us to project all the triangulation 
stations on to the same meridian, when measuring an arc of a 
meridian in order to determine the shape of the spheroid. 

Example 5. 

To Find the 1 tmes of Sunrise and Sunset at any place— say 
London, latitude 51 30' . on any date, say 21st June. In Fig. 40 
P IS the celestial pole, NPS is the meridian, NXS is the 
honzon, X is the sun’s centre at sunrise, X' its centre at 



Fig. 48 
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sunset. Then PN = 51° 30^ PX == PX' - 90° - 23° 2/ 
— 66° 33\ as the sun's declination on 21st June is 23° 27', 
and is practically constant tor that day. Then PNX is a right- 
angled spherical triangle with /_N = 90°, and we have to find 
the angle P. From the five-part circle we have sin (90° - P) 
= tan 23° 27', tan 51° 30'. log cos P — 1*6372 + 0*0994 



= 1*7366. P = 57' = 3 h. 47 ni* 48 s. Therefore, the 

“ local apparent time " of sunrise is 3 h. 47 m. 48 s. a.m., ana 

of sunset 8 hr. 12 m. 12 s. p.m. 

The equation of time is + i m. 33 s. on 21st Jime at noon, 
increasing 13 s. per day : it is, therefore, i m. 29 s. at sunnse 
and I m. 37 s. at sunset. The local mean times of sunrise ana 
sunset are, therefore, 3 h. 47 m. 48 s. -f i m. 29 s. — 3 “• 
49 m. 17 s. a.m., and 8 h. 12 m. 12 s. + i m. 37 s. = 0"' 
13 m. 49 s. p.m. — say 3 h. 49 m. a.m. and 8 h. 14 m. p-ni. 
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Actually the times given in Whitakers Almanac are 3 h. 45 m. 
a.m. and 8 h. 19 m. p.m. as refraction enables us to see the sun 
when it is just wholly below the horizon. This correction for 
refraction is greater the less the inclination of the sun’s path 
to the horizon, i.e. the greater the latitude, and becomes much 
larger at high latitudes. 


Example 6« 


To Find the Azimuth of a Survey Line by Observing the 
Elongation of a Circumpolar Star. When the declination of a 
star IS greater than the latitude of the place of observation, 
the star at its upper culmination passes between the zenith 
and the celestial pole, as EZ in Fig. 50 equals the latitude. 
If we observe such a star with a theodolite {in the northern 
heniisphere) it will appear to travel from north (lower culmi- 
nation) eastward, then back to north again (upper culmination) 
then westward, then back to north again. As it approaches its 
most easterly and westerly positions it appears to travel more 
and more slowly in a horizontal direction, then to stop, then 
to travel back again just as a man running on a circular track 
would appear to a spectator on a stand outside the track. 
At its most easterly and westerly positions the star is said to 
elongate,” and it appears to travel up or down the vertical 
hair of the theodolite for a few minutes, affording time to read 
the horizontal circle, change face, and sight again on the star 
without any appreciable change in the azimuth of the star 
during the process if the star is near the pole. At the elonga- 
tions S], S2 the angle ZSP is a right-angle, so that we have 
sm SP = cos (90° - Z), cos {90° - ZP), or cos declination 


= sin Z X cos latitude. 


. cos declination , 

. . sin z = : r - T~ :i — > a-lso sm 

cos latitude 


(90° -P) = tan SP • tan (90° - ZP), or cos P = latitude 

tan declination 

If ZA is the survey line whose azimuth is required, the order 
of operations is as follows : Sight on A , reading the horizontal 
circle, then sight on the star until it appears to begin to travel 
up or down the vertical hair, read the horizontal circle, change 
face, sight on the star again, read the horizontal circle, then 
resight on A and read the horizontal circle. The average of 
the two values of the horizontal angle AZS should then be free 
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from instrumental error. By subtracting the calculated angle 
PZSi. or adding the calculated angle PZS2 to the angle AZS 
in Fig. 50, we find the angle AZP and hence the azimuth of 
line AZ. 

As a numerical example : the Pole Star, declination 88° 55' 
N., R A. I h. 35 m. is observed at westerly elongation in 
latitude 51° 30' N., when its clockwise bearing from a survey 
line ZA is 84° 20'. Find the azimuth of line ZA and the 
L.S.T. of the observation. 


nr V. ' 'T cos 88° 55' 
We have sin Z = 

cos 51 30 

AZP = 84° 20' + 1° 44^ = 86° 04'. 
west of north or 273° 56' east of north. 


lPZS^ = 1° 44'. 
ZA bears 86° 04' 


Also cos P = 330 Hour angle ZPS^ = 88° 38' 

= 5 h. 54 m. 32 s. L.S.T. = 5 h. 54 m. 32 s. + i h. 35 m. 
= 7 h. 29 m. 32 s. from which the L.M.T. of the elongation 
can be ascertained beforehand in order to be ready just before 
the elongation occurs. 


(AT .B. The R.A, of the Pole Star varies rather considerably, 
but is given at 20-day intervals in Whitaker's Almanack.) 



CHAPTER VII 


MORE ADVANCED CYLINDRICAL AND ZENITHAL 

PROJECTIONS 


Cassini’s Projection. 

As stated in Voi. I, this is the transverse simple cylindrical, 
the cylinder touching the reduced earth along the central 
meridian of the region instead of along the equator. We must 
imagine great circles at right angles to the central meridian 
passing through each point of the region ; the distance from 
the central meridian to any point measured along such a great 
circle \vill then form one co-ordinate, x, of the point on the 
map, while the distance along the central meridian from the 
equator (say) to the point where this great circle meets it will 
give the other co-ordinate, y. We then plot thisy and x along 
and at right angles to the central meridian for each intersection 
of meridians and parallels, and join the points so found with 
curved lines to give the net of meridians and parallels for our 
map. 

The defect will, of course, be that our x co-ordinates on the 
map will be measured parallel to each other, while on the 
earth they are only parallel at the central meridian and 
converge towards one another more and more as they depart 
from it, and would ultimately all meet at a point called the 
'* pole " of the central meridian, 90° from it along each great 
circle. The result is an exaggeration of the scale parallel to 
the central meridian equal to the secant of the angular distance 
of the point from the central meridian along its great circle, 
but if this angle is not greater than 2° 34' the exaggeration is 
not greater than -pjj-'jyTyth part. This angle at the earth’s centre 
subtends a distance of about 177 miles on the earth's surface, 
so for a country which does not extend much more than this 
distance from its central meridian the projection is a good one, 
and it is thus used for the British Ordnance maps, 

6 in. and i in. to the mile. 

Let A (Fig. 51) be a point which is at the intersection of the 
meridian at longitude 6 from the central meridian with the 

104 



CYLINDRICAL AND ZENITHAL PROJECTIONS 105 

parallel of latitude If P is the pole and AN the great circle 
drawn l to the central meridian, PAN is a right-angled 
spherical triangle, where Z.P = 0 , PN = 90“ -jy, PA = 90° 

- <t>, ^nd AN = X Then sin x = sin B . cos <f>. Also, cos 6 


Fig. 51 

= tan ^ . cot y. tan y = These formulae give the 

cos 0 ^ 

co-ordinates x and y as angles subtended at the earth's 
centre. 

To draw Cassini's projection for Great Britain, 50° - 58° 
^ ^ “ 2 £•» takmg 2® W. as our central meridian, and 
with mendians and parallels at 2° intervals ; points on the 
ceiUral meridian itself will be at true distances apart as when 
p = 0 , cos 0 = 1, and y = Work with 4-figure logarithms 
in columns headed, 0, log sin 0, log cos i, log sin x, x ; 

log tan log cos 0, log jy. ^ ^ 
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We thus obtain the following table — 



The student should plot this projection (Fig. 52) on i in. 
squared paper to the scale of 50' (i.e. 50 geographical miles) 
to I in., taking 50° N. as origin on the central meridian, and 
marking off on this 52° as 120' = 2*40 in., 54° = 4-80 in., 
56° = 7*20 in., 58"^ = 9-60 in. from the origin. He will find that 
the result for this small region and small scale is indistin- 
guishable from a simple conical projection. Actually the 
meridians are slightly cur\'ed, concave towards the central 
meridian. 


Mercator’s Projection. 

In Vol. I it was explained how to calculate the distance 
of the parallels from the equator by enlarging the lengths 
of each short interval (2°) of latitude by multiplying it by 
the secant of the average latitude, and summing up such 
intervals for the total distance of the parallel from the 
equator. This is a close approximation to mathe- 

maticians call " Integration,” viz., findings = / sec (l>.Rd<t> 

0 

, the old English ” long ” S,” means 
the sum of an infinite number of infinitely small increments). 

This ” integral ” is the value of sec ^ where the 

increment of latitude, is very small indeed, and can be shown 
by the calculus to be R log* tan so that the dis- 

tance y of any parallel from the equator can be calculated 
directly and exactly. Tables of such distances are available, 
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e.g. in Chamberss Seven-figure Mathematical Tables, where 
they are called " Meridional Parts," and are expressed in 
minutes of angle, i.e. yjR X 3438, there being 3,438 minutes 
in a radian, e.g. the meridional parts for every 10° of latitude 
are as follows — 


1 

Latitude 

Meridional Part 

Latitude 

Meridional Part 

0° 

0 0 = 0® 0' 

SO'* 

3474-5 == 57“ 54*5; 

10^ 

6031 = io°3*i' 

60® 

4527-4 = 75 ^ 27*4 

20® 

I225-I = 20® 25-1' 

70® 

3966-0 = 99® 26-0 

30'’ 

1888-4 = 3^^*^ 28-4' 

80® 

8375-3 = 139'' 35 - 3 ' 

40® 

2622*7 = 43® 42-7 

90° 

Infinity 


This means, for example, that the 70° parallel is plotted at 

a distance from the equator = 90° 26' = 99'4333° 
scale used for longitude, whereas in Vol. I the figure arrived 
at was 9*94088 in. = 99° *4088, a close agreement considering 
the comparatively large increment used. 

The Transverse Mercator’s or Gauss -Conformal 
Projection. 

If in the above table of angular values of x andy for Cassini s 
projection we replaced each x by its " Meridional P^rf, 
keeping the ys unchanged we should convert the projection 
into an orthomorphic one, suitable like Cassini's for a region 
which does not extend far from its central meridian, and it 
has thus been used for Egypt. The scales parallel and per- 
pendicular to the central meridian are always equal to each 
other, but are enlarged as the secant of the angular distance 
from the central meridian. 

Transverse Zenithal Projections. 

Transverse zenithal projections, on planes touching the 
sphere at the equator, are very easy to calculate, and the 
equal-area one makes a very good projection for large areas 
nearly bisected by the equator, e.g. Africa. The central 
meridian and the equator will be straight lines as great circles 
through the point of contact or centre of the map, and the 
other meridians and parallels will be symmetrical about these 
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lines. For each intersection A of parallels and meridians we 
must calculate the angular distance X and the azimuth a 
of ^ from the centre of the map 0 — (Fig. 53). where AN = 6 , 
latitude, ON = Q, the longitude, ^ANO = go^ lAON 
— 90 -a, OA ^ X. Then cos X ^ cos 6 cos (j>, and sin d 



tan a tan tan a = Then in our projection we 

draw from 0 a line making an angle a with the central merid- 
ian, ^d along it mark off from 0 a distance r = RX, 2R 

sin , 2R tan ~ or R tan X according as we require the 

Equidistant, the Equal-Area, Orthomorphic or Gnomonic 
projection. It is, however, more convenient and accurate to 
ca culate the co-ordinates, viz., y = r cos a, x — r sin a, along 
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and perpendicular to the central meridian and to plot on 
squared paper. Each calculation will serve for four points, 
viz., those at the same longitude East and West of the central 
meridian, and at the same latitude North and South of the 
equator. 

To calculate an equal-area zenithal projection for Africa, 
40° S. to 40° N., 20® W. -60° E., for a reduced earth of 
573 in. radius on which i in. represents 10° of latitude (or 
longitude at the equator). The central meridian will be 
20*^ E., and along itO = 0 , X = <f>, while along the equator 

= o, X = 0, and the distances to be marked off along 
both these straight lines will be 573 x chd 10° = i*oo", 
573 X chd 20° i‘99", 573 chd 30° = 2*97", 573 chd 40® 

= 3*92". For the calculation of the co-ordinates of the other 
intersections we prepare a table with headings : 6 , <j>, log 
cos 0 , log cos <j>, log cos X, X, r = R chd X ; log sin 6 , log 
tan (f>, log tan a, a; x, y, and obtain the following results. 
Plotting the co-ordinates we draw the curved parallels and 
meridians as in Fig. 54 — 


e 


X 

r 

a 

I 

X 

y 

10® 

10° 

14® 03' 

Inch 

I 40 

44° 34' 

Inch 

0*98 

Inch 

I'OO 


20® 

22® 15' 

2*21 

25° 30' 
16° 45^ 

0-95 

2*00 


30® 

3i‘’28' 

310 

0*89 

2-97 


40® 

41® 01' 

4-02 

II® 42 ' 

62® 44' 

0-82 

3-93 

20° 

10® 

22® 15' 

2*21 

1*96 

lOI 


20® 

27" 58' 

2*76 

43 ° 13' 

1'89 

201 


30^ 

as'’ 32' 
43 *" 57' 

3-50 

30° 39' 

22® 11' 

178 

301 


40® 

4-29 

1-62 

397 

0 

0 

10® 


310 

70° 34' 

292 

I 03 


20® 

35 ° 32' 
41° 25' 

3'50 

53 ° 57 ' 
40 ^* 54' 
30® 48' 
74 ° 40' 

2-83 

2*o6 


ao'’ 

4 05 

2-65 

3. 06 


40® 

48® 26' 

470 

2*40 

4'04 

0 

0 

10® 

41® 01' 

4-02 

3-88 

I’OO 


20® 

43 ° 57' 

429 

60® 29' 

373 

211 


30“ 

48® 26' 

470 

48® 04' 

37 ° 27' 

3-50 

3-»4 


40® 

54 ° 03' 

5-21 

3'I6 

414 


As regards the properties of this projection, the direction 
a of every point is correctly shown from the centre of the 
map, but the scale in the radial direction from the centre is 
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reduced in the ratio cos — : i, and increased in the circum- 
ferential direction at right angles thereto as sec - : i as shown 
in Vol. I. At the extreme points, d = 40°, 0 = 40°, we have 



Fig. 54. Equal-area Zenithal 


nf ^^come *891 and I-I22. Very little 

^ e ^continent itself, however, extends beyond 6 = 30°, 

? ~ which points X = 41° 25', and the scale ratios 

’935 and 1*069, so that the scale errors here do not 
^ per cent, while at the centre of the map the scale 
rrect m all directions. The projection is, therefore, a very 


L 
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suitable one for Africa, and is now much used for the world 
in hemispheres, though round the edge of the hemisphere 



Fig. 55 


X = 90°, and the scale ratios are, therefore, radial, cos 45° 
= 707 ; circumferential, sec. 45^ = 1*414- 
The transverse stereographic is readily constructed graphic- 
ally as shown in Vol. I, as is also the transverse gnomonic, also 
given in Vol. I, or the latter can be drawn from the calculated 
co-ordinates of the intersections as, obviously, x = R tan 6 , 
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y = R sec 6 tan 0 from the construction. The transverse 

transformed into the equal-area 
ithal as the azimuths of the intersections from the centre 

the Hnenr"Jr T P'^ojections (being true azimuths), and 
chH have only to be reduced in the ratio 

^ntrf n h" 55- We describe a circle, 

centre 0. radius OA, to cut the equator at B. join B to C the 

/ncol Y nn" ‘^is circle at D. Then 

7^'^^ Z- = OD on line 

0A^ and repeat this for each intersec- 
tion, then draw the parallels and mcri- C 
dians through the points thus found. 

Oblique Zenithal Projections, 

When the “ centre of the map " is 
not at the pole or on the equator, e.g. 
for a map of Asia, the central meridian 
alone will be a straight line, and the 
other meridians and parallels will be 
symmetrical about it, so that the calcu- 
lations will in each case only serve for 
two points at the same longitude and 
latitude on each side of the central 
meridian. The spherical triangles to 
be solved are now oblique, viz., BCA 

^ig. 56) where B is the centre of the map at latitude <t>^, 
n — D?? ^ intersection, in which triangle wc have 

the longitude-difference from the central meridian, while 
require to find BA = c = X, the angular distance from 
o, ana a = B the azimuth of A from B. We could find 
mese in a similar way to Example i in the last chapter by 
^ Perpendicular BN to CA, but it is quicker to use 
!fn oblique triangles, viz., cos X = sin <f>, 

sm 0 + cos cos <l> cos d, and then to find a by sin a 

^sin X ■ ■ Note on page 153.) 

available, such as those given 
Hicf ^ Map Projections, which give the angular 

azimuths a of the intersections of parallels 
meridians from the centre of the map at various latitudes. 

8 — (I243A) 
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The angular distance X requires merely to be converted into 

X 

r ^ RX, R chd X, 2R tan — or 7 ? tan X, and the co-ordinates 

2 



Fig. 57 


y and x along and perpendicular to the central meridian are 

then r cos a and r sin a. t, u f f r 

The zenithal equal-area projection is probably the best lor 

the continents for general purposes. The zenithal eqm^stani 

is useful for wireless telegraphy and aeronautics, as it 

directly the direction and shortest distance of all 

the earth's surface from the place chosen as the centre 01 

map. Fig. 57 shows a zenithal equidistant of the whole wo 

with London (latitude 51° 30' N.) as centre. The enclosing 
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circle represents the antipodes of London (51° 30' S.. 180° E.). 

which is, of course, equally distant from London in ali 
directions. 

The zenithal orthomorphic (stereographic) can be drawn 
with its centre at any latitude by purely geometrical methods, 





Fig. 58 

owing to its peculiar property that the projection of any circle 
(great or small) on the earth is a circle on the map. To prove 
this : Let .4 B (Fig, 58) represent the elevation of a small 
circle m the sphere, V being its “ pole," the circle QAVBP 
being the gre^ circle through V and P, and P the point of 
projection. CD represents the projection on the plane through 
0 . the centre of the sphere, parallel to the tangent plane at 
y, and we shall consider the projection made on this plane, 
the projection will, obviously, be just half the scale that it 
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would have been in the tangent plane. The rays from P to 
the small circle AB form an oblique cone, whose section by 
the plane AB, perpendicular to the plane of the paper, is a 
circle. We can assume that the section of this cone by the 
plane CD is an ellipse, as it is that of a circle viewed obliquely, 
and from symmetry we can see that this ellipse will be sym- 
metrical about CD. The line VP bisects the angle APB, as 
the arcs VA, VB are equal. Also, AP . CP = PQ cos QPA 
OP sec QPA = PQ , OP : similarly, BP . DP = PQ .OP 

= AP . CP. = -r^. If we rotate the cone CDP round 

BP AP 

the line VP so that it lies in the position C'D'P, we have 


CP DT 
BP ~ AP' 


and, therefore, C'D' is parallel to AB, and C'D' 


r^T> CP 

= CD = AB^ = AB^. Let CD and CD’ cut at X ; 

dP Dr 

by symmetry X lies on the line VP and XC = XC'. The 
breadths at X of the sections of the cone through CD and 
CD\ perpendicular to the plane of the paper, are, therefore, 
the same, and, therefore, these two sections are identical in 
shape and size. That through CD' being parallel to the small 
circle AB is a circle. Therefore, the section CD is also a circle 

CP 

of diameter = i 4 S 


To Construct a Stereographic Projection for Asia, 20° E. to 
180° E., 70° iV. - 10° S., with its Centre at 100° E., 30° N. 
(Fig. 59). Draw a circle of radius 2R, twice that of the reduced 
earth, as we shall take our projection, as in the previous para- 
graph, on a plane through the centre of the sphere. Divide 
the circumference into 10° intervals. Draw the diameter from 
30° N. to 30° S. and a diameter QQ' at right angles to it, which 
will represent the plane of projection and the central mendian 
of 100° E. Joining the point 30° S. to 90° N. and 90° S-' 
find P, P' the north and south poles on QQ'. For any parallel, 
70° N., say, we join 30° S. to the two points 70° N., cutog 
QQ' at A and A’ and on A A' as diameter draw a circle which 
gives the parallel of 70° N., and so for the other parallels. 
The meridians will all be circular arcs through P and F , 
their centres will, therefore, all be on the line BB' 

PP' at right angles. As the projection is orthomorphic tn 
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meridians Will meet the central meridian at true aneles at P 

^*^11 ^ example, the meridians of 20° E. and 180° E 

will have their tangents at P inclined at angles of 80° to the 
central meridian PP\ Their centres C, C can thus be found 



Fig. 59 

by drawing radii inclined at 10° to PP\ meeting BB' at C 
^ pinnlarly for the other meridians. 

The meridians and parallels will be found to cut everywhere 
at 90 . but the great distortion round the edges of the projec- 
tion will be readily seen, the intervals between the parallels 
and between the meridians becoming rapidly greater as we 
travel from the centre of the map. The stereographic projec- 
tion IS m Itself of purely theoretical interest— the fact that 

























MATHEMATICAL GEOGRAPHY 


ii8 

the meridians and parallels are all circular arcs is of no 
use in maps of any considerable scale as the radii becomes 
very large. It is of no use for navigation, as the meridians 

are not straight and parallel, ^ 

and the large exaggeration of 
scale neutralizes any advantages 
afforded by its orthomorphism. 



Fig. 6o 


Thus at an angular distance of 41“ 25' from its centre the 

scale exaggeration is sec^ ~~ = (1-0690)^ = i-i43. 

more than double that for the zenithal equal-area, "’hije the 

exaggeration of areas here will be (i-i43) = 1-307. 

30 per cent. It is, however, instructive to convert it into the 
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zenithal equal-area by graphical construction, as shown on 
Fig- 59» the point i8o° E., S. The azimuth of this 
point from the centre 0 will be unaltered, as it is the true 
azimuth, but its distance from 0 is to be reduced in the ratio 
X Y 

2 R sin — : zR tan — . Lay off the stereographic distance 


OD from the centre 0 at right angles to OQ and join DQ. 

This gives us the angle DQO — — . Then the perpendicular 

distance OE from 0 to DQ gives us zR sin — = the distance 

2 

to mark off along the azimuth line for the point on the equal- 
area projection. The greatly improved shape of the net \vill 
be readily seen, as shown by the dotted lines. 


The Oblique Gnomonic Projection. 

The oblique gnomonic projection can also be constructed 
without spherical trigonometry, with its centre at any lati- 
tude (Fig. 6o). From the centre C set oU CS = R cot , 
and m the opposite direction CT = R tan <j,^, both along a 
straight central meridian. Draw TA L CT to represent 
the equator. Then OT ^ R sec <i>,, AT = R sec tan 0, 
mark along the equator and join AS to represent the 
rneridian 0 from the central meridian. S represents the pole. 
Also, OA = R sec sec 0, and Z.SAO — ^ is given by 
fon — ^ cosec 6^ 

^ OA~ R sec <f>, sec 0 ^ 

triangle DO A we have =: j?sec(^,sec0sin.^ 

, . ^ sin(^-f-/3) sin {6 B) ' 

which we mark off along meridian 0 from the equator for the 
parallel f. A gnomonic projection for the North Atlantic 
Ocean with its centre 45° N., 40° W. is shown in Fig. 61. 
Ihe geometrical construction, which may be employed instead 
of trigonometry, is obvious (see Fig. 73). 


The Cubic Gnomonic Projection. 

The peculiar property of the gnomonic projection is that 
all great circles on the sphere are represented by straight 
hnes on the map and vice versa. It is, therefore, useful for 
nnding the shortest courses for air or water navigation between 
two points, but does not give the distances nor directions. As 


» 
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it is impossible to represent a hemisphere on the projection 
while the distortion becomes very great when the angular 
distance, X, from the centre exceeds 45°, the projection is 
effected on the six faces of a cube touching the sphere, two 
at the poles and the remaining four at the equator (Fig. 62). 



Fig. 61 


For the polar faces we have r — R tan X, where X is the 
co-latitude, for the equatorial faces x = R idXi d,y = sec 
d tan (f), where 0, ^ are difference of longitude and latitude. 
Taking R = 1 in., we find the polar radii and values of x as 
(10°) -176 in., (20°) -364 in., (30*") *577 in-, (40°) *839 in- (50 ) 
1-192 in., and for the y’s we prepare a table with headmgs as 

follows 

0, tf>, log sec 0. log tan log y, y 


and obtain the following results, plotted in Fig. 62— 


d 

</> '' 

y 

0 


y 

6 


y 

0 


y 

e 


y 

10“ 

1 

1 

10® 

20® 

30“ 

40® 

Inch 

•I 7 <} 

•370 

•586 

•852 

20® 

20® 
20® 1 
30® i 
40® 

Inch 

•168 

'387 

‘614 

•893 

30® 

10® 

20® 

30® 

40° 

Inch 

•204 

420 

•667 

•969 

40® 

10® 

20® 

3 °: 

40 

Inch 

•230 

475 

•754 

1-095 

45“ 

10® 

20® 

3°; 

40® 

Inch 

•249 

• 5 t 5 

•Sift 

i-r 87 
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great circle courses there are three cases: (a) 
When both the points are on the same face of the cube we 
merely join them by a straight line, {b) When the two points 
are on opposite faces we make use of the fact that all ereat 



Fig. 62 


circles through a point pass through the antipodes of the point. 
Referring to Fig. 62, A is at 120° E., 20° S„ B at 130° W., 

To M ’ mark 2I' at 60° W., 20° N., and B' at 50° E., 

30 N. Then we join A and B' also A' and B, and continue 
tne line round the intervening faces as shown, (c) When the 
wo points C and D in Fig. 62 lie on adjacent faces we use the 
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fact that the outer edges of the pair of adjacent faces represent 
opposite parts of the same great circle, and the great circle 
through C and D must meet these edges at diametrically 
opposite points, i.e. points which are at equal distances from 
the common centre line of the faces, but measured in opposite 
directions. We choose a point on the common edge, and draw 
lines through C and D to the outer edges — if the points just 



found do not conform to the above condition we adjust the 
point on the common edge until they do so, as in Fig. 62. 


Perspective Projections. 

The gnomonic and the stereographic are cases of “ per- 
spective ” projections, points on the sphere being projected 
on to a plane by rays all passing through one point, as 
if the sphere were transparent and the eye placed at the 
“ centre of projection."' If the centre of projection is taken 
outside the sphere (Fig. 63) at a distance, OC = HR from the 
centre of the sphere, and the projection is made on a plane 
QPT perpendicular to OC, between 0 and S where CO pro- 
duced cuts the sphere, so that CP = kR, where R is the 
radius of the reduced earth, we have the following relation, 
X being the angular distance of a point A on the sphere 
from S, and r = BP, the linear distance of its projection 
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kR 


Y — 


kR sin X 


B from P, the centre of the map. „ ^ _ - 

^ sm hR 4- R cos X 

h + cosX- - h + cos A- «s the radial 

distance, r, of the projection B from the centre of the map P. 
and. as in the zenithal projections, the azimuth of B will be 
the true azimuth on the sphere, as great circles through C 
and 5 cut the plane QPT at true angles. The circumferential 

Y k I 

scale, t, is of course, ^ — — = - — j — ( which becomes 

R sin X + cos A V 

^ a.t the centre of the map^ The radial scale, s, can be 

found by “ differentiating to be ^ ^ 

RdX {h -f- cos A)- 

^which becomes ^ ^ ^ at the centre of the map 


Clarke’s Projection. 

In Clarke's projection the numbers h and k are so chosen 
that the total misrepresentation ” is a minimum, i.e. that 
the sum of the squares of the scale errors in the radial and 
circumferential directions is a minimum, taken for every point 
on the area projected. Expressed in the notation of the 

calculus this condition is that / j (s - i)- -f (/ - i)^ j sin XdX 

is a minimum, where ^ is the angular radius of the area to be 
mapped as s and t are the same for a ring of area ztt R^ sin 
XdX of the sphere. This makes a good projection for Asia, 
a very difficult continent for the cartographer, as it extends 
25° E. to 170° W., 78° N. to 11° S., for a hemisphere and even 
for larger areas. It is not, of course, either equal area or 
orthomorphic, but a good average between the two. For a 
hemisphere, k ~ 2*034, ^ = i'47» P = 9^°, and the scale in 


both directions at the centre is — *823. At the edge 

the radial scale is — *94i. ^^^^d the circumferential scale 
2*034 o 

” j = 1*384. In the zenithal equal-area both scales are 
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i-ooo at the centre and 707 and 1-414 at the circumference 
of the hemisphere, so that the extreme errors are reduced at 
the expense of the accuracy near the centre of the map. 

The Orthographic Projection. 

The Orthographic projection is a perspective projection with 
the centre of projection at an infinite distance, so that the 



Fig. 64 


eye is supposed to be opposite every point of the hemisphere 
at the same time, as in an engineer's or architect's elevation. 
In practice it is only of use for astronomical purposes, such as 
transits of Venus. The polar and transverse cases of this 
projection have been illustrated in Vol. I. To draw an oblique 
projection with its centre at 30"^ N. we proceed as follows 
(Fig. 64) : Having drawn the polar and transverse projections, 
we project all the intersections of parallels and meridians from 
the transverse projection on to a line at 90° to the direction 
of projection — then on each side of this line set out the 








NH 


mm 


O 
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distance (on the polar projection) of the point from the 
meridian of the centre of the map, and join the points thus 
found to form the parallels and meridians, all of which are, 
of course, ellipses. 

AitofT’s Projection (Fig. 65). 

The zenithal equal-area projection is drawn (or calculated) 
for a hemisphere with the centre of the map on the equator. 
The projection is then pulled out uniformly parallel to the 
equator, so that its outline is an ellipse of major axis twice 
the minor axis, i.e. the distances of all points from the central 
meridian are doubled, while their distances from the equator 
are left unchanged. Then the value of each meridian is 
doubled, e.g. 90° becomes 180°. 

The projection is obviously equal-area, and the parallels 
are more perpendicular to the meridians than in Mollweide s 
projection ; the effect is, therefore, more pleasing. 



CHAPTER VIII 


MORE ADVANCED CONICAL PROJECTIONS 

Simple Conical Projection with Two Standard 
Parallels. — Choice of Standard Parallels, 

In Vol. I, page io6, we calculated this projection for the 
region 40 -70 N., 20° to 60° E., arbitrarily choosing our 
standard parallels as 45® and 65°, or at one-sixth the range 
ot latitude from the extreme parallels, and we found the 



percentage scale errors along the parallels of 40°, 55°, and 70° 
as -f 1*6 per cent, - 1*7 per cent, and -j- 2*9 per cent respec- 
tively. We can improve the accuracy of the map substantially 
if we select the two standard parallels, so that the errors along 
the extreme and central parallels shall all be equal. To do 
this we proceed as follows : Let « be the constant " of the 
cone, i.e. the ratio that the angles between the meridians 

make to their true angles on the sphere, then, 
If ^2 are the standard parallels and r^ their radii on 
the map and 0 be any longitude difference, n ir. - y.) ^ = 
i?(cos<^2-cos^i)e. * \2 1 / 

. ^ _ i?(C0S ^2 - cos <^) _ cos <f>z - cos 

^2 ” - 4*2 

in our case, as r^-r^ — - ^2)- To determine the two 

Mandard parallels we can simplify matters by assuming in 
ig. DO that 0 = 1, and R = i ; let us call the radius of the 
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polar arc z. Then as we have to make the scale errors at 70 
40°, and 55® all equal, we have 


n{z + 7r/2 - arc 70°) 
cos 70^ 




n{z + 7r/2 - arc 40°) 


- I 


= I - 


cos 40 

n{z + 77/2 -arc 55°) 


i.e. 


»(•? + 1*5708 - 1*2217) 


‘3420 


- 1 = 


cos 55'' 
n{z + 1-5708 -*6981) 


-- I 


= I - 


*7660 

n[z + 1*570^-^9599) 

*5736 


nz + o*349in 




nz + o-Sy2'jn 


-1 = 1- 


nz + o*6io9m 


•5736 

the first 


*3420 *7660 

*4240 nz = o*03io5«. /. z = 0*0732 from 

equation. 

Substituting in the second equation we have n = ‘8239. 

For the standard parallels we must have 2 + - - ^1^ 

= cos <f)^; 2 -f- ^ - ^2^ = cos (^2* •** *^239 (1*6440 - ^1) 

= cos <f)i and *8239 (1*6440 - <^2) — cos (f>2, and the values of 
<^2 to satisfy these must be found by trial. They are found 
to be 66° 48' and 45° 09' respectively. To find the percentage 
error on the extreme and central parallels, we must substitute 
the above values of n and 2 in any of the original expressions, 
and we find the scale ratio is 1*0174. Therefore, the errors 
are all 1*74 per cent. The radii of the standard parallels 
will be = i? (*0732 + 1-5708 - 1*1653) = *4787^?, and = 
(•0732 + 1*5708- *7880) = *856oi?. There will be a rather 
larger error on a parallel near to 55°, and it is possible so to 
choose the standard parallels that this maximum error will 
be the same as on the extreme parallels, but the process is 
complicated, and it is not generally worth the trouble. 


The Rectangular Polyconic, 

The ordinary polyconic, which is described in Vol. I, and 
which has been modified into the international map, may 
itself be described as a modified conical projection in which 
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every p^allel is a standard parallel in radius as well as in 
length The scale along every parallel is uniform and true 
but the scale along the meridians is only true alone the 
central mendian. as the parallels are not concentric circular 



Fig. 67 

arcs, and the meridians are curved lines which do not cut 
e parallels at right angles. In the rectangular polyconic 
e meridians are again modified so as to cross the parallels 
exactly 90 , but this can only be done by abandoning the 

the parallels and, indeed, by abandoning 
P'i/'v! ^ scale along each parallel. The scale along 

parallel is true only close to the central meridian, and 
aecreases as we move outwards from it. The construction 

9— (1243A) 
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is exactly the same as for the ordinary polyconic until we 
commence to mark off the distances along each parallel in 
order to draw the meridians. This marking off is now done 
in a different way, known as " O’Farrell's Construction," 
which is very simple, though the proof involves mathematics 

beyond the scope of this book. 

At each point on the central meridian through which a 
parallel has been drawn, draw a line perpendicular to the 
central meridian (Fig. 67), and along this line mark off half 
the true distance of each meridian from the central meridian, 
i.e. for meridians at 10° intervals at latitude mark off 
iR cos (t> arc 10°, cos arc 20°, etc. From the points 
thus found as centres describe arcs (not quite semicircles) of 
the same radius as the distance marked off, so that they each 
touch the central meridian, cutting the parallels themselves 
at points which, when joined up with curved lines, give the 
meridians. If the student has constructed an ordinary poly- 
conic for a reduced earth of 5*73 i^- radius, it will be instruc- 
tive for him to modify it (in dotted lines) into a rectangular 
polj'conic, halving the meridian interv'als for each parallel 
given in Table I, Vol. I, and extending the range of longitude 
from 40" to 60° or 80°. He will note that the meridians 
gradually fall more and more inside those of the ordinary 
polyconic as he works outwards from the central menman, 
indicating the reduction of the scale along the parallel^ This 
projection has been much used by the British War Office , 
it is obviously suited best for a region of great extent in 
latitude, but of small extent in longitude. 


The Conical Equal-area with One Standard 
Parallel (Lambert’s). 

The formula for the polar zenithal equal-area projection 

is r = 2i2 sin — where X is the co-latitude, and a zenithal 

projection is a special case of a conical projection, .^h^ 
n, the constant, = i. The parallels are too long m tfi 

ratio = sec — , and the meridian scale is too small 

i? sin X 2 

in the ratio cos - : i. Now, if we alter the radius to r 

2 
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A- 


- m 2R sin - and the constant to n < i, we shall turn this 

^qual-area conical projection provided we 
choose m and so that the area between the pole and anv 

LnSald pTraUel.''“'' ^ 

The area of a sector of angle 6 of the spherical cap of 
co-latitude X on the reduced earth = ® 4R2 sin^ and this 
must equal the sector of angle nd of radius r = \mR sin ~ 
on the map = ^ sin= We can, there- 

‘co-kdtSr? th condition, that parallel of 
earth its length is OR sin Z,; on the Lp its length is S 


X 


= nQ 2mR sin — . 

2 

= cos /. m = 


mn 


dR sin X, = nS zmR sin 
^ 2 

cos xj2 ' ” ^ ^crmula for 

the radius of the paraUels is, therefore, r = 2i? sec • sin - 

2 2 ' 

The meridian scale at any co-latitude X will be m cos — 

_ COsX/2 , 2 

COS X0/2' parallel scale will be 

nr 


^R sin X 2ft sin XI2 . cos XI2 - cos A/i 

as meridian scale. The pole will be a point 

The1farlueTsTilMh^‘7"®''K"^ decreases. 

eauafirp. ? • P°‘®- similarly to the polar zenithal 

fnUp fu Ptojection from which it is derived. It, therefore 

reme'mber^tlfat"thp*A™/*^-^°'^ equal-area projections when we 

- 7!° “S” "fiS'r 1 <»'■ «>• »ei™ tam 40* 

10° of latftudp^ T^’ f ^ ®P^ 0 fe 573 in. radius (on which 
01 latitude = I in ), with 55° as standard latitude. We 
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first calculate m and n. m = sec 17^° = 1*0485, while n = 
cos- 17^° = '9095. Then r = 2*0970 R sin X/2 and log r = 
log sin X/2 + 1*0798, while for the meridian scale s we 

COS /2 

have s = tfV- log s = log cos X/2 - i'9794. In this 

cos A(,/2 

way we prepare the following table — 


1 

Latitude 

Xl2 

1 

r 

dr 

Meridian 

Scale 

Parallel 

Scale 

0 

0 

10" 

Inches 

2-o86 


1-033 

0-968 

65" 


2-6oI I 

0-515 

1-023 

0-977 

60° 


3 -II 1 

0-510 

1-013 

0-987 

1 

55’ 

nr 

3-613 

0-502 

I -000 

I-OOO 

1 

50“ 

20® 

4*1 1 1 

0-498 

-985 

1015 

45 '" 

1 

22^ 

4-598 

0-487 

•969 

1032 

40° 

1 

25“ 

5078 

0-480 

•950 

I 05 2 


Note that the meridian scale error ranges from - 5*o per 
cent to + 3*3 per cent, and averages 2*06 per cent. To draw 
the projection (Fig. 68), draw a straight central meridian and 
set out the other meridians at angles of n 10° and n 20° 
= 9*095° and i 8 'I 9 °. On squared paper this is best effected 
by marking off 5 in. from the apex on the central meridian 
and 5 X tan 9° 5*7' = *800 in., and 5 X tan t8° 11*4' == 
1*643 in. at right angles to it, and joining these points to the 
apex. Then describe arcs of radius r from the apex and the 
projection is complete. It is doubtful whether this projection 
is ever used in practice ; it is unsuitable for any great range 
in latitude. Figures are elongated north and south on the 
polar side of the standard parallel, and east and west on the 
equatorial side. 

Conical Equal -area with Two Standard Parallels 
(Albers’), 

This is a much better projection. Let and ^2 
tudes of the two standard parallels, say at ^ and ^ of the 
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latitude range. Then, as the lengths of these two parallels 

. , ^ Rcos (f>i R cos 4 >z r' .1- 

are to be correct, r, = = =. For the 

^ n ^ n 

area between these two parallels to be correct we have 

~ <^i-sin Substituting for r^. we 

2 

, nR^ cos^ (Ay - cos2 do / ■ j • i \ 

have — = R- (sin (p^-sm (pz)- 

2 

cos^ <l>2 - cos^ (py^ _ sin^ (p^ - sin^ (p^ _ sin <p^ + sin (p^ 

2(sin </»i-sin <^2) 2(sin ^i-sin ^2) 2 

= constant of the cone. Lastly, for the area between any 

parallel <p and the standard parallel 62 

to be correct, we have — (^'2^“^^) = 

2 


n = 



R^{sin <p - sin 


• • 


= 


2i?2(sin (p ~ sin (p^) 


n 


- 


2j?^(sin (p - sin 
n 

which is the formula for the radii of the 
parallels. The pole is not a point, as its 

radius on the map is ^ which is not zero. 


nr 


The parallel scale = — >, and the meridian scale s must 

^ R cos <p 

be the reciprocal of this as we have made the projection equal 
area, i.e. ^ but we can verify this as follows : Consider 


nr 


two parallels <p and <p' very close together, then we have, if r, 

. v- 11 " 2i?2{sin (^ - sin <^2) 

r are their radii on the map, r^ = — 

2i?^(sin <p* - sin (^2) ” 


= rg^ - 


n 


• • 


y2 _ /2 = 


2R2 


n 


(sin <p' - sin <p) = ^ ( 7 ? sin <p' -Rsm <p) 


2R 


(Fig. 69). 


X height (/i) of zone, between parallels, J. equator 
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s = 


where a is the true meridian distance between 


a 

the parallels 


{y + y')a 
_ R cos <!> 


zra 


, zR h , , 

very nearly = — x — asabove) 

n zra ' 


nr 


as stated above. 


To compute the projection for the region 40° -70° N., 
20 - 60° E. for a reduced earth 573 in. radius, the standard 

parallels being = 65°, = 45O, we have h = + sin 65^ 

2 

= .RnA^ V _ 573 COS 45° 

0UU7. ^2 = 5*022 in., and our formula 

7l 

r* = 25-22 (sin ^ - sin 45°) = 25 22 - 81-39 (sin 

<l> - -7071). 


We prepare the following table— 



r 

dr 

Meridian 

Scale 

Parallel 

Scale 

0 

0 

Inches 

2-508 


o-oOo 

1 -032 

65“ 

3002 

0-404 

I 000 

i-ooo 

60“ 

3-505 

0-503 

1013 

0-987 

55 " 

4012 

0-507 

roi6 

0-984 

50^ 

4-520 

0-508 

1 

I-OIO 

0-990 

45 " 

5*022 

0-502 

i-ooo 

I-ooo 

40" 

5-518 

0-496 

0-986 

1-014 


We note how little dr, i.e. the increment of r, varies from 
s true value, *500 in., for 5®, also that the meridian scale 
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errors range from - 3*1 per cent to + i-6 per cent and average 
only 1-02 per cent, and these might be reduced by selecting 
the standard parallels more judiciously as in the Simple 
Conical at the commencement of this chapter. The errors, as 
it is, are only about half those in the last projection. We 
draw this (Fig. 70) in a similar way to the last projection 
setting off at a distance 5 in. from the apex 5 X tan 8-067° 
= -708 in. and 5 X tan 16-134° = i '446 meridians, 

and describing arcs of radius y. It will be noticed that it 
conforms to the general nile for equal-area projections, viz., 
that the parallels become closer together the farther the 
centre (55°) is departed from. This is a very good projection, 
and has been used for both Austria and Russia. 


The Conical Orthomorphic with Two Standard 
Parallels (Gauss’). 


It can be shown by the use of the Differential Calculus^ 

/ xy 

that if the radii of the parallels are made ;' = w I tan — 


where w is a scale constant and n is the constant of the cone, 
chosen so as to make the two selected standard parallels of 
true length, the projection will be orthomorphic. The parallel 

scale is, of course, „ where X is the co-latitude, and the 

R sin A 

meridian scale will be the same. 


To find m and n : for the lengths of the standard parallels, 
Xj and X2, to be correct, nr^ = R sin X^, nr^ = R sin X^- 

R sin Xi R sin Xg 

• to — 


y, = 


n 


n 




sin A'a _ J'2 __ wjtan XJzY _ (tan X0/2)" 
suTXi ~ m(tan XJzY ~ (tan XJzY 


log sin X2 “ log sin Xi = n 



tan 


- log tan 

2 



^ Students who are not conversant with the calculus should 
late the meridian scale at, say. 40® approximately by calculating r 
40^® and 39^®. and find the increment for i®. This, divided by 'loo 
its true value, is the meridian scale at 40® very nearly. (See note 
end of chapter.) 




Fio. 70 
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n = 


while m = 


log sin X2 - log sin 
log tan X2/2 - log tan X3/2 

^2 R sin X2 


(tan X2l2)'^ «(tan ^2/2)" 

The pole will be a point, as r = o, when X ~ 0 ; at the 
equator where X = 90° the radius, r, of the parallel will 
be m. 

To compute the projection for the region 40° - 70® N., 
20° E. to 60° E. for a reduced earth of radius 5*73 in., with 
45° and 65*^ as our standard parallels. We first find n = 
log sin 45° “log sin 25° _ _ 573 sin 45° 

log tan 22 -log tan 12 *8234 (tan 22i®)" 

= I0'i 67 in. log r — log 10*167 + *8234 log tan — = 

X ^ 

1*0072 + *8234 log tan — , and we calculate the following 

2 

table — 


Latitude 

X 

2 

1 

r 

< 5 r 

Meridian and 
Parallel Scale 

0 

0 

10^ 

Inches 

2*435 


1-023 



2-941 

•506 

I -000 

1 

60® 

15“ 

3-438 

■497 

0-988 

1 

55 “ ' 

M 

0 

3930 

•492 j 

0-984 

50 ^^ 

20® 

4-424 

•494 

0-989 

45“ 

22J® 

4-920 

•496 

I-OOO 

40“ 

25“ 

5-425 

‘505 

1018 


Again, we notice how little the increments (( 5 r) differ from 
their true value, *500 in., for 5°, also that the scale errors 
range from - 1*6 per cent to -f- 2*3 per cent and average 
0*99 per cent, even less than those in Alber’s projection, and 
these might be reduced by a more suitable choice of standard 
parallels. The student should plot this projection (Fig. 7 ^)» 
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setting out 5 in. along the central meridian and at right angles 
distances of 5 x tan 8-234° 5 16-468°. It conforms 

to the general rule for orthomorphic projections that the 
parallels become farther apart as we depart from the centre 
( 55 °) of the map. This is a very good projection, indeed, and 
has been used for Russia, Europe, and Australia ; if the range 
in latitude is not too great, the small scale errors keep the 
errors in area comparatively small. 


Note : Meridian scale = 


dr 

Rdx 


nr 


mn A X 
tan — 
2R\ 2 

nr 


n-l 


X 


sec 


2 


nr 


2R tan A/2 . cos^ A/2 2R sin A/2 cos A/2 R sin A 



CHAPTER IX 


EFFECT OF THE SPHEROIDAL SHAPE OF THE 
EARTH ON MAP PROJECTIONS 

The Spheroidal Shape of the Earth. 

It is shown in the first part of this Volume that the earth 
is not quite a sphere, but is an ellipsoid of revolution, or 



Fig. 72 


oblate spheroid, which is the solid generated by an ellipse 

rotating about its minor axis. If a is the major semi-axis and 

■0 the minor semi-axis of the ellipse, the " compression " 
— 6 ’ 


the polar axis is of the equatorial 

• jtP 297 

^xis. If from the pole (Fig. 72) or end of the minor axis we 
strike an arc of radius a, cutting the major axis at X, Y, these 
points are the ** foci,“ such that the sum of their distances 
from any point A on the ellipse = za. The radius joining 0 , 
the centre of the ellipse, to any point A is not now constant 
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ah 

in length, but can be sho^vn to be equal to - — — 

^ V« 2 sin 2 A + cos^A 

where X is the angle made by OA with the major axis, called 
the “geocentric latitude.” The tangent at A is no longer 
perpendicular to the radius OA, but is perpendicular to the 
‘‘normal” AB which bisects the angle XAY . The angle 
which the normal makes with the major axis is called the 
“ geographical latitude ” connected with X by the rela- 

tion tan X~ tan 6. The “ centre of curvature ” of the 

elliptical meridian at A lies at H on AB between B and D, 
and AH is the “ radius of curvature ” of the meridian for a 
short distance ; we shall call this p. B is the “ centre of 
curvature ” at right angles to the meridian, AB the ” radius 
of curvature” at right angles to the meridian for a short 
distance : we shall call this v. The value of p increases from 

62 , a2 

— at the equator to at the poles — an increase of about 
I per cent. The value of v also increases from a at the equator 
to y at the poles — an increase of about J per cent. The radius 


of the parallel of latitude at ^ is cos (f) or v cos that of 
the equator is a. 

The most convenient way to express these variations of the 
two radii of curvature of the surface for the cartographer is 
by tables giving the lengths in miles (or kilometres) of i'’ of lati- 
tude and of longitude at different geographical latitudes as in 
Table I, taken from Hink's Map Projections, the values at the 
intermediate 5 ° being interpolated graphically. 


TABLE I 


Latitude 

t** of .Meridian 

1“ of Parallel 

Latitude 

I® of Meridian 

I® of Parallel 


Miles 

.Miles 


Miles 

MUes 

0“ 

68*70 

69-17 

50* 

69*12 

44-55 

5 " 

68*71 

68-91 

55 ’ 

69*18 

39-77 

xo* 

68*73 

68*13 

60’ 

69*23 

34-67 

15“ 

68*76 

66*83 

65’ 

69*28 

29*31 

20® 

68*79 

65*03 

7 o» 

69*32 

2?-73 . 

25* 

68* 8 3 

62*73 

75 ’ 

69*36 

1 17-96 

30* 

68*88 

59*96 

80* 

69 39 

ia*o 5 

35 * 

68*93 

56*73 

85’ 

69*40 

6*05 

40 * 

1 68*99 

5306 

90’ 

69*41 

0*00 

45 * 

1 69*06 

49*00 



- 
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M “^/"^ridian are for arcs extending from 

i South to North of the latitude.) 

The length of i“ of meridian is, of course, that of 

T® of noroii^i ^ X COS , 57*30 ' 

f parallel is — — . It ^ill be noticed that i'" 

of meridian (or latitude) at the equator is shorter than i® of 

ongitude at the equator. If the earth were a sphere of the 

same radius as the equator, i° of longitude at 50° would be 
44*40 miles. 

We shall now consider the effect of this spheroidal shape 
on the various map projections. ^ 


The Simple Cylindrical Projection. 

Suppose we wished to draw this projection to a scale of soo 
mUes to an mch from 0° to 30^^ N. It would be a very bad pro- 
jection, but It forms a good illustration. Wc draw a straight line 

for the equator, and mark off along it ^ 5 _ 

for each 5° of longitude required, and through these points 
oraw lines perpendicular to the equator for the meridians, 
r nen, It we had a more complete table on the lines of Table I, 
giving the lengths of 1° of latitude for every 1° (or even 
Closer increments) of latitude, we should find the distance, 
mi parallel of latitude from the equator by sum- 

ho lengths of 1° of meridian up to the latitude in 
question (takmg. however, only one half of the first and 

„ ®^Sfhs). But for such a small scale map the method 
correcr*"^^^"^ given at the foot of page 144 is sufficiently 

Then we draw lines parallel to the equator at these distances, 
^ irom It to complete the projection. The scale along the 
mendians would be correct, but that on the 10'^ parallel 

(say) would be too large in the ratio i-e. in the ratio 

jcngth of of longitude at o® ^ 

length of I® of longitude at lo®’ 

The Cylindrical Equal -area Projection. 

fnr fk draw the meridians exactly as before, but 

ior me parallels we must reduce the length of each i® 
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of latitude taken from the complete tables by multiplying 
it by 

length of 1° of longitude at the latitude in question 

length of 1° of longitude at o° 

e.g. at 10° latitude we must make our increment for i° of 

latitude, 6873 x 6770 miles, and then sum up all 

these 1° increments of y to obtain the distance, y, for each 
parallel from the equator. This reduction of the meridian 
scale at each latitude compensates for the exaggeration of the 
parallel scale explained in the last paragraph. 


The Cylindrical Orthomorphic (Mercator’s) 
Projection. 

Again we draw the meridians as before, but the length 
of 1° of meridian in the complete tables must be enlarged in 
the ratio of 

length of 1° of longitude at 0° 

length of 1° of longitude at the latitude in question' 
e.g. at 10° latitude we must make our increment for 1° of lati- 
tude, 6873 X = 6978 miles, and then sum these incre- 
ments up to the latitude in question to obtain the distance, y, 


Table for Simple Cylindrical Projection 


Latitude 



I® of 

Meridian 


Miles 

68-70 

68-71 

68-73 

68-76 

68-79 

68-83 

68-88 


Average 


Miles 


68-705 

68-72 

68-745 

68-775 


68-81 


68-855 


Length of Distance from 
5® on Map Equator, y 


Inches 


•68705 

-6872 

■68745 

68775 


6881 


68855 


Inches 

0-000 

0- 68705 

1- 37425 

2- 06170 

2 - 74945 

3 - 43755 
412610 
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ot tha^arallel from the equator. It should be noticed that 
the fi^ew degrees of latitude will only be slightly enlarged, 
they will still remain shorter than degrees along the 
equator. Consequently, the distance from the equator to the 
10° parallel will be slightly shorter than the length of 10° of 
longitude on our map. e.g. at 5° latitude 1° of latitude will be 

enlarged to 6871 X = 68-97 niiles, which is less than 

69-17 miles. This laborious “ step by step ” method would 
not be accurate unless the “ steps ” were much smaller than 
1° of latitude, nor would it be employed in practice. Just 
as for a sphere, the Integral Calculus gives the distance of the 

_ , 90° + 6 f 

parallel <j> from the equator asy = R log,, tan — so lor a 

spheroid the formula is y = a ^log^ • tan 9 ^ ^ ^ _ ^2 sin ^ 

sin^ (j) 


• • 


a- - 6“ 

where e being the 


a- 


eccen- 


tricity " of the ellipse, (See Note on p. 153.) 


The Sinusoidal Projection. 

This is readily constructed from Table I. The central 
meridian is drawn as a straight line, and the true distances 
of the parallels, north and south of the equator, are com- 
puted exactly as for the simple cylindrical, and straight 
lines are drawn at right angles to the central meridian 
through the points thus found. Along each parallel mark 
off the intervals for 5° of longitude for that latitude, e.g. 

at 10° latitude mark off = .5813 in. both ways 

500 

from the central meridian as often as required, and through 
these points draw the curved meridians. 

The Simple Conical with One Standard Parallel. 

Here we must first find the radius of the standard parallel 
on the earth, viz., AC in Fig. 72. This is equal to the length of 
1° of the standard parallel x 57*30. The radius of the standard 
parallel on the map is then 1 ) = AC . cosec The distances 
along the straight central meridian must be computed exactly 

10— (1243A) 
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/ 


as for the simple cylindrical. As an example we shah' j compute 
the projection for the region 40^-70° N., 20° E. tc 60° E- 
with standard parallel 55° N., to a scale of 500 miles T-.-q i in. 
From Table I we find the length of 1° of longitude at-^5'° 
latitude is 3977 miles. Therefore, the radius of the parallel 
on the earth is 57*30 x 39*77 miles = 2,279 miles = 4*558 in, 
to our scale. The radius of this parallel on our map will be 
4'558 X cosec 55° = 5*564 in. We describe an arc of this 
radius, and through its centre we draw a straight central 
meridian, and on each side of it along the arc mark off four 


^Q *77 X ^ 

times the length of 5° of this parallel, viz., = *3977 in. 

500 

We join these points to the centre of the arc with straight 
lines, giving the meridians at 5° intervals. For the parallel 
intervals we make a table — 


I.ati- 

tudc 

I® of 

Meridian 

Average 

Length of 
5^ on Map 

Distance 
from 55® 
Parallel 

Radius of 
Parallel 


Miles 

I Miles 

Inches 

Inches 

Inches 

70’ 

69-32 

69-30 

-6930 

2-0776 

3-486 

65° 

69-28 

69*255 

•69255 

1-3846 

4-179 

4-872 

60° 

69-23 

69-205 

•69205 

-69205 

5*564 

55 " 

69-18 

69*15 

■6915 

1 

1 

•6915 

6-255 

50^ 

69-12 

' 69-09 

•6909 

1-3824 

6-946 

45" 

69-06 

69-025 

-69025 

2-07265 

7*637 

40" 

68-99 





We mark off these distances up and down from the standard 
parallel, and describe concentric circles through them. The 
scale is, however, too small for the effect of the earth's figure 
to be really appreciable. The 1° lengths on the 70®, 55^ 

40° parallels on the map will be proportioned to the radii, 

i.e. will be x 39*77. 39*77. and X 39'77 miles to 

5*564 5*564 
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39 - 77 . 54-59 miles as compared with their 

53-06 m.Ies, i.e, the error are 

+ 5-0 per cent, o per cent, and + 2-9 per cent. 

Bonne’s Projection. 

This would be constructed in the same way as the last 

projection, except that the true meridian intervals ( in our 

rase 1° of parallel x V 

500 ' ) marked off along 

s™5*S'r '■ ““ 

The Polyconic. 

Here we must calculate first the radius of each oarallpl 

conk^rxX'oL'^ parallel in the^simple 

leneth o ®*fdard paraUel, i.e. we must calculate 

mafk^off the tme” ^ X 57-30 X cosecant of the latitude, 

Antral mIriHi P^^l^els along the 

For hat latitude tt, ® f calculated 

centric but . 

Then asiffionn^f "®"‘^al meridian. 

each nfrane?aTie-'"fu '"‘"^^als along 

each parallel and join these points with curved meridians. 

The Sirnple Conical with Two Standard Parallels. 

accurate tharth^f construct, and, as it is much more 

be usedln orefi^en f‘.'‘"‘^ard parallel, it should always 

calSt M of rfd- not affect our 

between the stand* d ^ ^^^oce, we calculate the true distance 
- 1 aSafi ^ T « ^ parallels-in this case from 45“ to 65“ 

tha ? of oarallS^ T I we find 

miks' ^ ^ 3 ° IS 49-00 miles, and at 65“ is 29-31 

The radius on the map of the 65° parallel is then 

^ Af\9f\r\ o/ 


wit^tl centre o^' describe a circle olthFs radius 

off VhfcaIculaL*^n?"' f "’^"^'an, and mark 

and fw the ofhP ? f ‘able, for 70“ above, 

nd for the other parallels below, this parallel and describe 
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concentric arcs through these points. Then along the 65® 
parallel mark off 29-31 x = -2931 in. four times on each 
side of the central meridian, and along the 45^ parallel 49-00 
^ =-4900 in. similarly, and join these points to the 


X 


500 


centre of the circles with straight meridians. As the radii 
of the 70°, 55'^, and 40° parallels on the map are 3*426, 
5-504, and 7-576 in. respectively, 1 ° at these latitudes 

will scale 2^^ x 29-31 = 24-38 miles, x 49-00 = 


4-119 


6-886 


7-576 


39-17 miles, and ^ X 49-00 = 53 ' 9 i miles respectively, 

which compared with the values 23-73, 39’77' 53'06 show 

errors of -j- 2-7 per cent, - 1-5 per cent, and + 1-6 per cent, 
but these could have been equalized and reduced by a better 
choice of standard parallels, as sho^vn in Chapter VIII. 


The Zenithal Equidistant Polar Projection, 

The Zenithal equidistant polar projection is also very easily 
drawn. A table is prepared, and we describe circles with these 
distances as radii, the meridians being straight radiating lines 
at true angles apart. 


Latitude 

1° of 
Meridian 

Average 

Length of 
5® on Map 

Distance from 
Pole 


Miles 

Miles 

Inches 

Inches 

90® 

69-41 



0-0000 



69-405 

•69405 


85" 

6940 



0-69405 



69*395 

■69395 


80® 

69*39 



1-38800 


1 

1 

69*375 

*69375 


75 " 

69-36 



2-08175 



69-34 

•69340 


70" 

69-32 



2 - 775*5 



69-30 

•69300 


65" 

69-28 



3-46815 



69*255 

*69255 


6o‘» 

69-23 



4-16070 
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57‘30 36 ’ 3 i miles as against the figure in 

pe^cent”^ ^n-or in parallel = + 4.7 

The Gnomonic (or Central) Projection. 

drJvin asT nnT section can also readily be 

arawn as a polar or equatorial projection (and the riihir 

projection, also) by the formulae given for a sphere if for 

^ b“a oobr ^ = -.99315 tan and substifute 6 for 
oblique gnomonic can also be drawn, but the formulae require 

tuSrr^ (Fig 73).®'°®'''^'’^" geocentric lati- 

Then OC = _ p / > 

Then SC = — ° ( 9 °° - A„), ^ sin X„ _ sin A, 

s'npo ' sin (90° - cos,^, 
Qj ^ go sin (90° - cos - A„) 

OA = OT sec 0 = g» cos (<l>c-K) . 

cos 

^r = ortan0 = /?„££LM^t,„ 0, 

cos 


and. if = angle 0; tan /5 = ^ = 


so 

OT sec 0 ~ '^o oos ® 


Then, if A be the geocentric latitude of any parallel, 

AF = _ P cos - A„) sin A 

+ » cos^„ 

A 3 ) >s similar to that for the sphere 
F^. 6 o), and the same letters have been used, but in fT 7. 

the geometrical construction is indicated, whereas Fif 60 

was partly perspective. It will be noted that all the formulS 
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reduce to that for the sphere, when A = Ao = 

Rq = R. The shortest distance between two points on a 
spheroid (or the “ geodesic line ") is not quite the same as 



the intersection of the spheroidal surface by a plane through 
the centre as in a sphere, but the difference is very small as 

the earth is so nearly a sphere. 

The conical equal-area and orthomorphic projections tor a 
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spheroid require much more advanced mathematics than the 
scope of this book aUows, as might be gathered from the 
complicated formulae given for Mercator’s projection for a 
spheroid, which, being a cylindrical projection, is of the 
simplest type. The zenithal equal-area and orthomorphic 
projections also require very advanced mathematics further 
complicated by the fact that the calculation of distance and 
azimuth from the centre of the map on the spheroid are much 
more difficult than on a sphere. For small scale maps, such 
as atlas maps, an approximation sufficiently close is to pro- 
ject them from a sphere of a radius equal to the average 
radius of curvature over the region to be mapped. The radius 
of curvature, p, in the meridian at any latitude is length of 
I of latitude x 57'30» while the radius of curvature, v, 
perpendicular to the meridian is length of i° of longitude 
X 57 ‘ 3 o X secant of the geographic latitude. For a zenithal 
equal-area projection of the polar regions. 90°-6o° latitude, 
if we take 75° as mean latitude, we get p = 69*36 x 57*30 
miles, V = 17*96 X sec 75° x 57*30. Therefore, mean radius of 

curvature may be taken as X 57*30 = 3,975 

miles for this region. 



NOTES 


Note on Solution of Oblique Spherical Triangles (p. 113) 

Note to Chapter VII. Drop a perpendicular CM to great 
circle BA (Fig. 56). 

Then 

cos C = cos (BCM -ACM) — cos BCM cos ACM 

+ sin BCM sin ACM 

- .... . smBMsmAM 

= cos BM sin B cos A M sin A -\ : ^ — r — 

sm a sin 0 

sin a sin B sin b sin A cos BM cos A M + sin BM sin AM 
~ sin a sin b 

sin^ CM cos BM cos AM -f sin BM sin AM 

sin a sin 6 

cos {BM - . 4 A/) - cos CM cos BM cos CM cos AM 

sin rt sin b 

cos c - cos a cos 6 
” sin a sin b 

cos c = cos a cos 6 + sin a sin 5 cos C. 

cos X = sin po sin <f> + cos cos p cos 6 . 

sin sin B 


• • 


Also sin CM = sin 6 sin = sin a sin B. 

Similarly it may be proved that 

sin B sin C 


sin a 


sin b 


sin 6 


sin c 


/. sin B = sin a = 


cos p sin 0 
sin X 


Note on Mercator’s Projection of Spheroid (p. 145) 

Note to Chapter IX. From the properties of an ellipse it 

can be shown that the radii of curvature of the spheroid are 

(l - e^)a a 

are p = — ^ v = r* 


On the earth the 


(i -e^ sin^ pY* 


(i - ^2 sin^ p) 

152 



NOTES 


153 

length of an increment d<l> of latitude is p . d<j>, while the 
length of a difference, 0, of longitude at latitude (hisdv . cos 6 
At the equator the length of this longitude difference is aQ. 
inerelore, the ^increment of latitude on the map must be 

= A the distance of 

the parallel from the equator is 

Jo (i “ e- sir 


<!>) cos <f> 


i 


cos <f> d(f> 


f 

(Put ^ = sin ^ ; ifjc = cos ^ . d(l>) 

^ dx 


<!>) 




(l - x"^) (l - £2 


'■lu. 


ji'og. U + e^x^-\- 


. .) dx 



I + sin 0 
I - sin ^ 

+ sin <f> 




loi, 7 V’ e‘ sin J. - 

y I - sm<l> ^ 3 


x^ 

3 ■ 5 

sin"* <j> 



* 4 


= ^ I log* tan 


sin® <l> 


= a 


log tan 


90° + (t> 

2 -e^s\n<^- ^ 

90° + <l> 


• « • 




M 

where Jlf is the Modulus of Common Logarithms = ‘4343 



EXAMPLES FOR EXERCISES 


1. If a cygni (declination 45° 0' 7"N., right ascension 
20 hr. 38 min. 50 sec.) crossed the meridian (north of zenith) 
of a station in the northern hemisphere at 5 hr. 10 min. 40 sec. 
a.m., G.M.T., on 12th January, 1925, find the longitude of 
the station. 

You are given that G.S.T. at G.M.N. on that day was 
19 hr. 25 min. 50 sec., and that sidereal time gains on mean 
time 10 sec. per hour. 

Also find the latitude if the corrected meridian altitude 
was 58° 14' 25". (London University, Cartography, 1927.) 

2. A star whose right ascension is 13 hr. 24 min. 12 sec. 
is observed crossing the South meridian at a place in the 
northern hemisphere of approximate longitude 30° E. Find 
the local sidereal time of transit, and the exact longitude if 
G.S.T. at the moment of transit is ii hr. 16 min. 2 sec. Find 
also the L.M.T. of the transit if G.S.T. at G.M.N. is 4 hr. 
32 min, 45 sec., taking the difference between mean and 
sidereal time intervals at 10 sec. per hour. (London Uni- 
versity, B. A. Hons., 1925.) 

3. If the left limb of the sun was due south in England on 
14th May, 1928, at 12 hr. 13 min. 10 sec. G.M.T., and the 
observed altitude of the lower limb at transit was 56° 6' 5*"' 
find the latitude and longitude of the station given. Declina- 
tion at G.M.N. = 18° 38' 11-4'' increasing 36" per hour; 
equation of time at G.M.N. = 3 min. 47 sec. to be subtracted 
from apparent time, and increasing 0-003 sec. per hour ; mean 
time of semi-diameter passing meridian = i' 6*9" : semi- 
diameter = 15' 51"; refraction = 38" ; parallax = 5" : and 
index error = i' 5" to be added. 

4. At about what time will Procyon cross the meridian on 
7th March ? 

5. At exactly what Greenwich mean time will Procyon 
(right ascension = 7 hr. 35 min. 32*3 sec.) cross the meridian 
of a station in 8° W. longitude on 7th March, if G.S.T. at 
G.M.N. on that day is 22 hr. 59 min. 49 sec., and sidereal 
time gains 9-86 sec. per hour on mean time ? 
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6 If the observed meridian altitude of B Ursae Minoris 

(declination 74° 26' 59" N., right ascension 14 hr. 50 min. 

5p sec.) at a station was 45° o' 27" and the index error was 

I 5 to be subtracted, find all possible values of the latitude 
lake refraction = 57". 

7. The altitudes shown in the table were observed in a 
paired " observation for latitude. Find the latitude. 



8. The angles and distances given in the table were observed 
m a small closed traverse. Taking the bearing of as zero. 



and A as the origin of co-ordinates, calculate the corrected 

co-ordinates of the other stations, (University of London. 
Cartography, 1928.) 

9 * On 1st November, 1928, the times of transit (by a watch 
keeping mean time) were registered at a certain station, as 
follows, for two stars, and the moon's left limb. Find, to the 
nearest tenth of a second, the right ascension of the moon's 
left limb at the moment of transit, giving the mean of the 
results from the two stars. The right ascensions of the stars 
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were 5 hr. 21 min. 47-3 sec. and 5 hr. 33 min. 23*2 sec. respec- 
tively. 


Body observed 

p Tauri 

1 

Moon 

^ Tauri 

Time of transit a.m. 

hr. min. sec. 

56 50 

hr. 

3 

min. sec. 

6 1 

hr. min. sec. 

3 8 24 


10. Referring to the above, the Nautical Almanac states 
that on that date the right ascension of the moon's limb at 
transit at Greenwich was 5 hr. 29 min. 8*7 sec., increasing 
168-98 sec. per hour of longitude. Hence, find the longitude 
of the station. 

11. Work the same question from the following data: 
Sidereal time of moon’s semi-diameter passing meridian 
= 76-30 sec. ; moon's right ascension at 3 a.m. G.M.T. = 
5 hr. 28 min. 26-7 sec., increasing 26-97 sec. in 10 min., and 
G.S.T. at G.M.N. = 14 hr. 42 min. 5-9 sec., instead of the data 
in Q. 10. 

12. Using the above results for the longitude, find how 
much the watch in Q. 9 was fast or slow on local mean time. 

13. The angles and distances in the table were obtained in 
a small closed traverse. Taking the bearing of DE as zero. 


Pt. 

Angle 

Distance 


0 / 


A 


212*4 

B 

113 27 

201*7 

C 

233 28 



224*1 

D 

46 22 

317*2 

E 

118 58 

1 

262*2 

F 

120 14 

286-8 

A 

87 28 


B 
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and the co-ordinates of D as zero north and 500-0 east, cal- 
culate the corrected co-ordinates of the other points. 

Answers to Exercises 

I. 108° 32 ' 3" east, 13" 14' 32" N 

2 Longitude = 32° 2' 30' E. ; L.M.T. = 8 hr. 50 min. 
19*8 sec. p.m. 

3. Latitude = 52'' 15' 52" N., longitude, 3° 57' 31-:;'' \V. 

4. About 8.30 p.m., local time. 

5 - 9 hr. 6 min. 12 sec. p.m., G.M.T. 

6. 60® 31' 26" N. or 20® 2< 24'' N 

7. 31° 56^ 36-5" S. 

1 ^ corrected; latitudes and departures 

closed by Bowditch's method. ^ 


Pt. 

1 

A 

1 

B 

C 

1 

D 

N. 

f ^ 

0 

789-7 

708-0 

231-1 

h . 

0 

0 

549-3 

624-2 


10 and u. 9“ 51' 43-5" W. 

oS moon’s transit at station = 3 hr. 28 min. 

28-b sec a.m. longitude correction— 39 min. 26-9 sec. Hence 
the watch is fast on local mean time, 16 min. 59-3 sec., or 
about 2i mm. on Dublin time 


13 - 


Pt. 

1 

D 

E 

F 

1 

A 

\ 1 

B 

C 

N. 

0 

317-3 

1 

444-4 

2977 

120-2 

J 54-7 

h . 

500 

500 

270-1 

^ 3-4 

* 39-7 

338-1 


INDEX 


Abbreviations for time, iS 
Aerial photography, 79 
Aitoff's projection, 126 
Albers’ projection, 132 
Altitude, 2 

. corrections to, 16 

, meridian. 7 

of sun, 1 5 

Altitudes, errors in, 13 

.observing, 12 

Apparent time, 17 
Aries, first point of, 27 
Astronomical horizon, 3 
Astronomy, practical, i 
Atmospheric refraction, 14, 41 
Azimuth. 31 

by elongation of a circum- 
polar star. loi 

by equal altitudes, 32 

by the sun, 35 

Bearings, reduced, 58 

, whole-circle, 58 

Bonne's projection, 147 
Bowditch, 62, S3 

Cardinal points, 59 
Cassini’s projection, 104, 107 
Celestial horizon, 5 

sphere, 5 

Clarke’s projection, 123 
Collimation, line of, 53 
Compression, 141 
Conical equal-area projection with 

one standard 
parallel, 130 

with two standard 

parallels, 132 

orthomorphic projection 

two standard parallels. 136 
Convergence of meridians. 65, 86, 

97 

Co-ordinates, calculating, 57 

, examples of, 61, 82 

for triangulation, 64 


Corrections to altitude. 16 
Cubic gnomonic projection, 119, 
149 

Culmination, 6 

Curvature correction, 68, 85 

Cylindrical equal-area projection, 

143 

orthomorphic projection, 144 

Date line, international, 40 
Day, sidereal and solar, 22 
Declination, 6 

Degree of meridian, length of. 142 

of parallel, length of, 142 

Departure. 59 

Distance and direction on a sphere, 
94 

Earth, figure of, 42 

, spheroidal shape of, 44, 46. 

49. 141 
Eccentricity, 5 1 
Ecliptic, 23 

Elongation of a circumpolar star, 
azimuth by. loi 
Equal altitudes, azimuth by, 32 
Equation of time. 18 
Equator, 3 
Equinox, vernal, 25 
Erastosthenes, 42 
Errors in traverses, distributing, 
62, 83 

Figure of the earth, 42 
First point of Aries, 27 
Formula for Mercator's projection 
of a spheroid, 153 

Gauss conformal projection, 108 

projection, 136 

Geocentric latitude, 142 
Geodetic Association, 45 

sur\'eys. 47 

Geographical latitude, 142 
Gravity surveys, 45. 48 



INDEX 


159 


Great and small circles, 89 

circle on a sphere, drawing. 

95 

Horizon. 2, 3 
, celestial, 5 

Index error, 13, 56 
International date line. 40 
Isostacy, 45 

Lambert's projection, 130 
Latitude, 3 

and longitude from survey 

measurements in a tri- 
angulation, 87. 99 

by stars. 29 

by sun, 15 

by Talcott's method, 14 

, determining, 7 

. difference of, 59 

•, examples in, lo 

observations, 12 

Length of 1® of meridian. 142 

of I® of parallel, 142 

Levels by photography, 77 

, correcting for curvature. 68, 

85 

— — in tnangulation, 67. 84 
Line of collimation, 53 
Local time, 17 
Longitude, 5 

■ and time, 17 

by moon, 37 

, determining, 19 

by stars, 29 

by wireless, 36 

Mean time. 17 
solar day, 23 

Mercator's projection. 106. 144 
Meridian, 4 

altitude, 7 

length of degree of, 142 

Meridians, convergence of, 65, 86, 
97 

Meridional parts, 108 
Moon-culminating stars, 37 
Moon observations. 37 


Newton, 44 

Oblique gnomonic projection, 1 19 
149 

orthographic projection. 124 

zenithal projection. 113 

Parallax, 3 

Parallel, length of degree of, 142 
Personal errors, 14 
Perspective projections, 122 
Photographic surveying, 74 

surveys, plotting. 76. 79 

Photography, levels by, 77 
Photo-theodolite, 74 
Picard, 44 

Polyconic projection, 147 

Rectangular polyconic projec- 
tion, 128 

Reduced bearings, 58 
Refraction, atmospheric, 14. 41 

in levelling, 68, 85 

, table of, 4 1 

Resection in tnangulation, 70 
Richer, 44 

Right-angled sjdierical triangles, 

91 

Right ascension, 28 
— and sidereal time, 29 

Sidereal day, 22 

noon, 27 

time, 23 

• and right ascension, 29 

Simple conical projection (one 

standard paral- 
lel). US 

with two standard 

parallels, 127, 

147 

cylindrical projection, 143 

Sinusoidal projection, 145 
Snell, Willebrord, 43 
Solar day, 22 

Solution of oblique spherical tri- 
angles. 153 
Spherical excess, 90 

triangles, 90 

Spheroidal shape of earth, 44, 46, 
49. 141 


Napier's “ five-part circle," 


93 


i6o 


INDEX 


Stars, latitude and longitude bv. 

29 

. table of, 9 

Stellar sphere. 5 
Submarine surveys, 48 
Sun, azimuth by, 35 

observations, 15 

Sunrise and sunset, times of, 99 
Sun’s semidiameter, 15 

Talcott's method. 14 
Telescope, first use of, 44 
Theodolite, i, 50 

, altitudes with. 12 

errors, 1 3, 5 1 

. observing sun with, 15 

Three-point problem, 71 
Time, abbreviations for, [8 

and longitude. 17 

. equation of. 18 

, local and Greenwich, 17 

. mean and apparent, 17 

. solar and sidereal, 23 

Times of sunrise and sunset, 99 
Topographic surveys, 47 


Transformation of zenithal pro- 
jections. 1 12, 1 13. 1 19 
Transit, 6 

Transverse zenithal projections, 
108 

Traverse and triangulation, 63, 82 

co-ordinates, 57 

errors, distributing, 62, 83 

Triangulation and traverse, 63, 82 

co-ordinates, 64 

, levels in, 67, 84 

Trunnion axis, 54 

Vernal equinox, 25 

Whole-circle bearings, 58 
Wireless, longitude by, 36 

Zenith, 5 

distance, 7 

sector, 14 

Zenithal equidistant polar projec- 
tion, 148 

projections, transforming, 

112, 113, 119 
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